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.

Example ? random matrices

→ SOON



10 - minutes summary of Lecture 1
.

Ginibre ensemble :

X = (fig ) is N×N random  matix

⇐fij
,

In fig ) - iid MQZ
' ) random variables

* GUE random  matrix

Y= (
g , ;) is NXN random  natix

Y=X+X*
[ 6in :bre

.

Our favorite  normalization : ¢ |g
.;P=

Ntt

*

wksm
.

*

FEY
's

=[ 1 HIETT
tr  =

Fe  Ncz ( k )

normalized
"

noncossing 2. partition,

trace of [ k ] :{ n
,

. . . ,k }
"

PLAN FOR TODAY :  use GUE as  a  motivating

example for ( asymptotic ) freeness
.

One good example is  a good thing I
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→ MS
,

Jetia 1.11
NON - COMMUTATIVE PROBABILITY JPACE -

THE KEY EXAMPLE

let Yn
,  ,

,
...

,
YN

,
, be independent N×N GUE random

| ) matrices

- (we  often  ship  
it )

AN
,

;

= E[

YN
,

;] polynomial ,  in Yn
, ,

AN = !1! [ YN
, ,

,
. ... ] (

non
. amntative ) polynomials

in Ynn
,

...

yn
: An - ¢ functional

yn ( A) := Etr A
"

each N is  a

separate  wold
"

.

the limiting object .

A= algebra  of
non - commutative polynomial )  in ( obvtact )

(D.)
variables 4

,
... ,Y ,

y ( pH . ,
... ,Y . ) ) :=nljm

.

yn ( PIYM
. ,

. . ,Yn
.

.
))

THE Limit Exists

→ NEXT PAGE !

(one variable ! )

K D
q÷commutative polyzqi.a.by

non- comitative polymer. Is
QL . . . >

"

convergence in the sense of
(noncommutative) mixed moments

"

= ¢ CT
..

. . -

,
Ys >



May WE random  matrices . YI
!!.EE?IiIeeFtedaYIergjom

they Hat  to  we the  ymboe  X
.

 We  hae

to  live  with  this .

Assume

Y^
,

...

,Y,
a

.in#entNxNGuE

matrices
.

We proved that → [ MS
,

Set . 1. Learn .

9 ]
me

2 ( kind of ,
one has to  revisit the poof )limetr Y

;
.

. " . Y ;
.

=

N→  a

£ M [ it
; .

=  it
, , .

]
j

F- Ncz

_I={
him

,
Inn )

, µ&s say
that I RESPECTS

: -

1

the COLORING ( i
, ,

... ;ia )

almost '×
like Wick formula for

NIO ,n ) Gaussian  random

/
independent

Variables

Only non
-

crossing
-

pairings .

He#i
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non-crossinrei.me?iitionI-n::I::::2
non- crossing partitions appeared
already in Lecture 1

(at the very end )

• non- crossing partitions of an ordered set

• blocks

• partial order on NC
"

reverse refinement
order

"

• meet n and join V
f t

Hint : Tv 8 = ?In 8 = maximum of elements which one
take all partition biggersmaller than both I a-18. than IT AND 8

,Hint : take intersections of all blocks of then calculate their MEET n
.

IT and 8
.

JOIN in
P and NC MEET in NC and P areare the

sane - ① NOT the same .

• maximal (minimal element

o.io/::s..cn:?:::::::::n:meet v for
• lattice =

Unique supremum , non - crossing partitions
?

unique infirm.



④EET noinnw.am?ae-/Exampee?J
BUT! if T - INTERVAL partition

IT - NC - patton

THEN

T Yet = T Vpi

Hint : calculating TVPT in a few simple steps . . .

①
STARTING POINT: partition I define, an equivalence

J relation

-

-

# - block, of partition T

-

← ''

countries
"

- PASS TO EQUIVALENCEI u
^ I 1 CLASSES of T

- Y
L "

cities
"

I

in::÷÷÷÷: ①some pair of their element, is

connected .



-
③ not transitive

?

¥:
i.

" "'Fithian.

\

at each step property
"
NC

"

is preserved.

T Vp 8 is NC ✓
.



→MS
,
Section 2.2

FREECuMVLAN€
→ NS

,
Lecture 11

iyby the classical moment - armulant formula . .
.

WE DECLARE
-

4(a.az -
- -

aa) =} Kit ( a. . . . - , an )
-

TENCla) J
"

multiplicative : = M K ( ai : ie b)
extension

"

b C- IT

we like multiplicative extension,

so much that we will define INSIGHT :

multiplicative extension of y this is an upper
-

a. um -next race . µg÷÷!i÷÷g÷÷:.Gives a Definition of
Example : free amulets

,

y ( an ) = K (a.) Really interesting things

✓ start to happen for 4
factors ,

y (an az ) = Klan , az) t Klan ) k (az )

Hanna. ) -- Kia. .. " .. .
.
. . ÷a:÷÷÷..to each of its arguments



GUE and free amulets
.

414. . . - - Yin)=[ I? [iii. . - it. . ]
IT c- Ncz

T=4 It, ,Tnz3,
i

Kite
. .

. . . .
# = fee?" ! !!



MOREGENERALJETutfixa.in . .

,
an et

Y and K are now functions on Nccu )

I \
ca,

cffa.az -
- - a.) =L Kit ( a. . . . - , an )
-

I ÷'s:"

t.7.ec?.ai )

::÷i:n÷in¥in÷i
§ However ①TWISTED LOGIC AHEAD

( Bg)
& if some function It
§ fulfills the system of equations (&)
⇐

÷:÷:÷
.tv/FIEnaIIa.i.is..eaaetothetue

+ Hint : an upper - triangular system of equations

& v- Shiryaev has a unique solution .
¥
E
E



MEbi.io#
→LNS] Lecture to

.

f- if P is a finite poet - - - { thigh
"

pauNcp!!!..,I

± P
"?= ftp.o ) : Tito

, et En)
F

it , see
P )

±̂
we are interested in the class of functions

e from P" to IC

w CONVOLUTIONS :

W

¥

⇒
• for E

,
G : P
"'
→ ¢

IF * G) Go, :=Z, HI, s ) Gls, o)
"⇒ to

µ:
" hat:O: :"

in
* matrix multiplication ,
w Homework : is it true that

¥ F*6=G*F ? ⇒ associativity

Ev
'

j
I • for f :P → a

G : P
"'
- ¢

¥
E Cf* G) in :=¥

,

fls ) Gls
,
8)

I



• d: P
'"
→ ¢

JG
,
a) = Lao ]
is the unit of this convolution :

F * D= I* F = F

f * or = f

• f : P
"'
→ E Zeta faction

gli, e) =L ( fo. # E3 )

•

µ
: P
")
→ I Mo"bin, function is

µ
* f = g *µ = or

the inverse of g

a

puff
- and right - inverse (if they exist )

µ must be equal .
v

these T

¥¥
,

" "⇒ = Eno ]

Ye duct :O. over 8 to show

existence and uniqueness of tilt, 8)



*

§ Maggi fact
: Mobius fruition for NC is given by

§
g - I

¥iHsH=!?t?!:÷
E f
¥ #blocks of s

any nice
, conceptual proof

?
chieh are sitting
inside b

.¥ Bachtofeea.mu
MTfunctions on

NC (n)

y = K * g IF-moment , [ free un- buts.

K = of * µ →@NI.dection2.Z
the most interesting case

is 8=11

kH=?e%!hH
is

.÷¥e÷÷:%ii:# ii. main:*. Tae:
-

Klan
,
- - - can )=¥na

,

Yg (an . - - ian) pls , 1)



Example .
-

Klan) = plan)

K (an.ae ) = da..ae ) - plan ) da.)

Klan
,
ai
,
as)= Y (as.az, as ) -

-

y fan) plazas )
- y la, ) y la, a , )
- y la,) plan ae )

1- Lyla.) y la .) pla .)

#s)- r

Kla
. .

. . . .

,
an)=§ fr) C

#§. . Kla.. . . -san)
PENCH. . .,n)
-

G. = # (9)
Catalan numbers

.



TOWARDS THE PROOF

→EMS ] section 2.2 Than 13
.

LEONOV- SHIRYAEV - Krawczyk- SPEICHER

"

how to calculate umlauts of
products

" ?

theorem an
,
- . .

,
an EA ,

T is an interval

K ( Icf ai : bet) =
Pah

-✓ = Ze ko ( a
. .

. . .

, an)
cnmulant of 8 : Nun)

PRODUCTS 8v I =D
, /

USUAL free cumulants.

Examples
c- = ?:&

'

MTk ( ab, c ) = Kla
,
b. c) . . .

+ Kla ) k( b. c)
b M

+ klb ) Kla
, c)
A



¥.
use ( Bg)

DEFINITION
T~

Kit : = Ze ko ( a
. .

. . .

, an)

/ o : if
# USUAL free amulets,

NC partition of
RTF are NC partition, of

{1, . . . , #T}=
Hi - "in }

? - -
= blocks of T

✓ µ"
= "

"

passage from T to F : → Proof

next page
replace each block of T by it, cuties.
"PARTITION OF COUNTRIES

↳ PARTITION OF CITIES
"

Example✓ n 2

for T = 7 !

two choices :
a 2

a) IT = . .
I = M I

M I
n z s

n Z 7

A L

b) IT -_ rn. I = MT
M I

t a s

^ ' )



µ, I - partition, of LA, - . -
, #E)

✓
I
,
8 - patton et {h . . . ,n3

I:÷÷÷:÷④⇒ "
8vT-

- TT

w

it off the.

= % ko

"" " "" "" ""t)T . q, ⇐yayif 8Gt then
such IT is unique

it : = OUT (
gene element

, of T .

" TURN PARTITION OF CITIES

TO A PARTITION of COUNTRIES
"



-Cermulant - oriented definition of freeness.
-

Definition
assume

€
, y ) - noncommutative probability space

An
, Az , . . .

C- A

finite or infinite collection of sets
.

We say
that An

,
Az
,

. . . are free if

for any X
,
E Ain

, Xze Aia ,
- . - ,Xm c- Aim
-

idea :

K (Xn, . . -

,
Xm ) ¥0 ⇒ i. = . . . = im for classical

cumulates

"
all mixed cumulants vanish

"

independence ⇒
⇒ vanishing of
Cermulants

.

-

[or, equivalently
,

or

[measures for whichI moment problem isif in . - - , im are NOT all equal
not determinate ]

⇒ klx
. . . . .,×I=0 ]



Excite
{7. } , -

. .

.
Hm } are free .



theorem
if An

,
Az
,

. . . are free

and de. = Alg (t , Ai ) = unital algebra generated by Ac.

THEN

An
,
Ae
,

. - - are free .

Pried in
,

. . - im NOT all equal .

* = Try yyz - i .

ya, e,
E de; Yin . . -Dae. c- Ac's

941 , - yyz.ec
⇐ Aia

Xz = yz, a Yaz
- - -

Y 2, ez E A
a

1

Xm = - . !

Leonor-
-Jhiryaer

K ( Yin Yan - - -

y,e. ,
- - - . . ) =

-
= Kit (ya. . . . . . iym.eu) = O.¥16

.
. . -+ em,

homie ↳a. i
.

t t
TVT= N

OOO .
. O O O . - - O

. . -

- -
l
, ez

IT - does not connect cities of different color, [free,]

T- - l l - [block state]



useful in the proof : sets As
,
Az
.
. . . are free ⇒

⇒ unital algebra, In, Az , . . . -hits they generateair →EMS] Section 2.2 .

Proposition 1J .Theorem
-

tf r >2 !
and ai E Cl for some e

'

THEN

Klan.az, . - , a.) = 0.

Poet
.

f.
""" ""ht. i

use trick ( Bs) Kp (an, . . . .ae/, - . . ) .

ai

Tfi is a

Define It " = { "
'

n t

( O otherwise
.

2 ? I ~
the usual

° % =L Kit - Ya
..

.
. .. .

.la. . .
. . .ae/.....).teaee.F-ht'

f-
because ai E E is a scalar

ITS 8 =p, ( an . . .

-

,
ai
.

.
.

)

↳
new contribution only if i is a "Yuto" in T

- ✓
ye,
/
,

like a sum over partition, of 1,2 . .
. if
,

.
. . .

smaller than 8 [restricted to 1,2
.

.

- if . . . ]
So IIT = KI give, free annulets

.

D



if - oriented definition of freeness,



-

freeness .

abstract framework

*  "  "

www.naea.me

|
"

III.?.FI
,

.

algebra  nth a  mnital linear Ms ] section 1.11

functional .

Suppose it
, ,Az

,
...  are  unity subalgebras .

We
say that Anti  are

freely independent
la

,
shortly

,
free ) with respect to y

if for  each rZ2

and a.
,

...

,
are A st :

• pla ;) = 0 f- .  
ie[r ]

•
a ;

 E tj ;

• jitjz , jitjs ,
... ,j . .nFjr

" e  "  "

ty(haaY
...  a.) = O |"

alternating product ef

centered elements  Is

centered
"

THIS is Just A  Definition .

WHETHER IT is USEFUL or NOT

DEPENDS 0NE#MP(ES

Note to  myself :

sometimes  we  uie  indices  in
,

...

, ir

sometimes jn ,
. . . ijv

1

IORIGINALDET.int/iowoi#EENE

#enteIdefinition"#



DEFINITION

elements
yn ,

...

,y ,

e A are free if

the unital algebras which they generate  are fee
( in the above  sense )

,[
= !1! [ y . ]

,

e[ y . ]
,

...

algebra , of polynomial , !

DEFINITION

sets = A are free if

the
,

unital algebras which they generate  are fee



teeamuhntsanfT ÷!{:I÷
and FANTASTIC

→ (Ms ] Section 2.2
,
Thu 16

important → [NS] Lecture 11

theorem Theorem 11.16

# A. Az
,
. . .

Et
are free "e-oien¥÷tinilT

( = unital algebras which they generate a-e free)
if and only if

"

all mixed cumulates vanish
"

,

i. e
.

K ( x
. .
. . . ,
xn) =D whenever Xue Ai
aFANTASTIC ! "
cnmulant - oriented definition of

freene
NO assumption that neighbors and in . . . ., in are not all

different
equal .

No assumption on centeredness
'

[the two definition, of freeness are equivalent]enough to take

generators . this characterization of freeness is more\ waif! Ig pthan
"

vanishing of state on

rodent of centered elements
"



proofs
PART ⇐

"

if mixed amulets involving

① in.. that

/) !e÷÷÷÷ " Yeats .."
K ( I

. .
. . . ,
xn) =D whenever Xue Aia

and in . . . ., in are not all

✓ equal .

I Ain :=done .

K ( I
. .
. . . ,
xn) =D whenever Xue AGH , Aia )

and in . . . ., in are not all

equal .
HINT :

use →④⑥ free cnmulants involving Q are ZERO
,

Leonov - Jhiryaeu - Krauyh - Speicher
Xue tin

② alternating product of centered random variables

ylxnx. - - - xn) -_ I Kitlx.. . . . ,x.) =
BECAUSE

. . .

"

eaa.IN?ntepaIaeo: contains a block which is ITE NC (n ) J
/ t -

•alternating ⇒• centered ⇒ singletons
• mixed amulets vanish ⇒

forbidden I respect, i no connections to

neighbor,



proof (Ns ] Thin
.
11.16

-

PART ⇒

Klan.ae , . . . , an ) O lifn>2J
• if an

,
. --

, an
centered and alternating
-

Klan
, . . . ,

an) = ? tilt, Hn ) ft (an . . . . ,a . ) V
-

=D Hint : the minimal block

which is an interval

• if an
,
- --

, an
#alternating ✓

Hint : Kl - -- it. . . . ) -- O [n>2 ! )

• if an
,
- --

, an attending ✓
in , iz

.
. ..

, in not all equal

Hint : T : = interval partition lNDVCTioN0vERn#
a Cb are connected by T if

ia=ia,= . - - = if
Leonov& Jhivyaev

D= K ( M ai : bet) = K (an
,
. .
- .

, an
) +
!
inductive hypothesis

i Eb does NOT
apply to the[

alternating product t ( remaining term,)
MINIMAL partition.

#
this partition appear,

?

=D by inductive
→ all a

.. . . .

hypothesis from the same ti
.

. . . .



:÷÷÷t÷:÷" """ "" "'

if Lan. . . . - , a. } and 46
. .
. . . ,b. } arc fee . . . Ta

- a
plan bnazbz . . - a. b.) = ¥.gg

,,,Kt
fan

, by, - . . - iamb
;
) =

TB

=?¥c ,, Kita la" " " ' " ) ?¥,,kIo(bn-① ITA u Tp is

non- crossing

| = 4k¥ ) ( bn . - - - it. )

ITA - partition on 1
, ,

2
,

3

Try - partition on
T

,

I J
.

.

Wow : there exists a MAXIMAL non-crossing partition IT
,

such that

ITA v TB is non - crossing .

We call it Krewe
- as complement of TA KITA )

→ Lecture 4 part B .



Tmnt
→CMN]

,
sea. 2h

.

fix a c- A

Mlc ) = It ¥
,

plan ) 2
"

# peer series

Ck) -- ht ,%
. k¥a) 2

"

Three
Mk) = ( ( z MH)

ffi.t.ua of it

Preet coefficient at 2
"

"

MT
[I] Mlc ) =

y ( an ) =L, Ki = • • • • • . . • .

Tench )
I# Y Y

- -

=L ?s
> o

S > A stint - + is = n

[ number of elements
in
the

first block

-

Ks ' Z
,

Kit
,

- . - - - -

In c-NC (in )
-

y(air)



- -

= Ten ] L ?÷iso
s > I ftts=n

[
"

Ip? tee!nets in
the

Ks ( 22" I
,

Ki
. ) (22

"
- -

-
. ) .

. .

tench:)
-

2. zin y (air)

-
s factor,

= Can ] ( ( z Mk ) )


