Series of lectures:
characters, maps, free cumulants

Piotr Sniady

Polish Academy of Sciences



plan of the series of lectures

Lecture 1: characters, maps, free cumulants. ..
and Stanley character formula,

Lecture 2: characters, maps, free cumulants. ..
and random Young diagrams,

Lecture 3: characters, maps, free cumulants. ..
and Kerov character polynomials,
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representations

representation theory: how an abstract group
can be concretely realized as a group of matrices?

1

symmetric group &(3)
permutations of {1,2,3}

2 3

v

formal definition: representation p of a group G is a homomorphism
p: G — GLy

from the group to invertible matrices
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irreducible representations

representation p is called reducible
if can be written as a direct sum of smaller representations:

p(g) = ri(g) for every g € G;

r2(g)

we are interested in irreducible representations

irreducible representation p* +—  Young diagram X\ with n boxes
of the symmetric group &(n)
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shape of Young diagram

Young diagram A dilated diagram 2\

goal for today:
study p** for s — oo
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shape of Young diagram

Young diagram A dilated diagram 2\
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shape of Young diagram

Young diagram A

dilated diagram 2\

clever choice: for \ with n boxes study

1
Jn

A
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reducible representations and random Young diagrams

suppose p is an interesting reducible representation of &(n)

p= @m)‘p)‘ with m* € {0,1,2,...};
[A|l=n

we define a probability measure on Young diagrams with n boxes by:

AL di A
P,(\) =P for A€ Y,

dimp

problem for today

character of probabilistic properties
p of a random Young diagram
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motivating example:

restriction to a s

n<m,

ubgroup

Al =m;

random irreducible component of the

restriction p = p? l

gg;r;) to a subgroup?
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motivating example: restriction to a subgroup
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random irreducible component of the

n<m,

Al =m;

restriction p = p* lggnm)) to a subgroup?
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motivating example: restriction to a subgroup
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motivating example: restriction to a subgroup

law of large numbers?
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random hermitian matrix with prescribed eigenvalues
ailr o alg A1
A=|: - | =U Ut
ag - Add Ad

where U is a random matrix from the unitary group U(d)

spectral measure: (random) probability measure on R
1
pa = Z o\
1<i<d
what happens to eigenvalues if we remove some rows and columns?
a o A
Al =

ddr1 ccc ad/d’
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truncation of a ranonm matrix

1A = $50-80 + 500 + 156120
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truncation of a ranonm matrix

1A = $50-80 + 500 + 156120

A | is a truncated matrix;
!
% ~ 0.95



example
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truncation of a ranonm matrix

fta = £=0_80 + £500 + 156120

A | is a truncated matrix;
% ~ 0.95
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how to parametrize shape of A7

Young diagram A dilated diagram 2\
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how to parametrize shape of A7

Young diagram A dilated diagram 2\

we need nice functions on the set of Young diagrams which
depend only on shape of A, not on its size:

F(s\) = F(\)
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how to parametrize shape of A7

Young diagram A dilated diagram 2\

we need nice functions on the set of Young diagrams which

SRR NI K] 1A 0 18 T Y Tt izl
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how to parametrize shape of A7

Young diagram A dilated diagram 2\

we need nice functions on the set of Young diagrams which
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how to parametrize shape of A7

Young diagram A dilated diagram 2\

we need nice functions on the set of Young diagrams which
depend nicely on the size of A:

f(sA) = s*f(\)

homogeneous function of degree k
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how to parametrize shape of A7

Young diagram A dilated diagram 2\

ideal parameters of shape should:

@ be homogeneous,

@ describe shape of X in a convenient way,
o be effectively computable,
°

be related to the character of pA,
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how to parametrize shape of A7

Young diagram A dilated diagram 2\

free cumulants:
@ are homogeneous,
@ describe shape of X in a convenient way,
o are effectively computable,

@ are related to the character of pA,
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free cumulants <— shape

r_
F

#\\\I_

T T R




shape of A\
00e000

how to define
free cumulants
for Young diagrams?

Lecture 1 & Lecture 3:
via Stanley formula,
S-functionals

this lecture:
via random matrix theory
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step 1: p* —‘random matrix’

Biane's matrix

P)\ = Xpt1 =

(1, n) 1]
pMN2,n) 1
0 1
1 0

o directly related to the representation p and its character;

@ spectrum of the matrix is related to the shape of J;

— KEROV, BIANE



shape of A\
000e00

step 1: p* —‘random matrix’

Biane's matrix

0 p)\(laz) ’ p/\(lvn) 1
pN2,1) 0 - pM2,n) 1
P)\’_>Xn+1: : :
Am1) An,2) 1
1 1 1

o directly related to the representation p and its character;
@ spectrum of the matrix is related to the shape of J;

@ hint: this is the action of Jucys-Murphy element X,
in the induced representation p/\ngz)H)

— bonus material

— KEROV, BIANE
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step 2: how to parametrize spectrum of a random matrix?

air - aid A1
A=|: .. | =U Ut
agir ‘' add Ad

where U is a random matrix from the unitary group U(d)

not so clever

sequence of moments

1
Mg:trAZZEZ)\f

= /Zf dua(2)

V.
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step 2: how to parametrize spectrum of a random matrix?

air - aid A1
A=|: .. | =U Ut
agir ‘' add Ad

where U is a random matrix from the unitary group U(d)

not so clever very clever

sequence of moments sequence of free cumulants
1
My =tr A = =) " \¢ Ry ~
‘ g2 1
! d*" Eapoarz - - - ar—1a01

:/zgd/m(z) d-1 g

) = —— 5 logEe*"
0 0z

z=0 |

—Voiculescu, Speicher, Collins
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step 2: how to parametrize spectrum of a random matrix?

very clever

sequence of free cumulants

Rg ~
-1

d*" Eapoarz -+ - ar—1a01

dE—l 8i

= —}ﬁ—— z;;z k)gIEe

Zail

z=0

4

—Voiculescu, Speicher, Collins
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step 2: how to parametrize spectrum of a random matrix?

a1 -+ aid a1
A= | - its truncation A | =

ag1 -+ add agry v adg

very clever

sequence of free cumulants
Rg ~
-1
d*" Eapoarz -+ - ar—1a01

dE—l ai
= WlogEe

Zail

z=0

4

—Voiculescu, Speicher, Collins
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step 2: how to parametrize spectrum of a random matrix?

ai

aid ai aid’
A= its truncation A | =
ad1 add 34’1 ad'd
S g o
| s 2 g «o very clever
- - -
z

sequence of free cumulants
Rg ~

-1
d*" Eapoarz -+ - ar—1a01
dE—l ai
= —— — logEe%?!
0 9zt 8
z=0
—Voiculescu, Speicher, Collins

4
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step 2: how to parametrize spectrum of a random matrix?

ai

aid ai aid’
A= its truncation A | =
adg1 add ag’1 ag g’

S 2 S

] s 2 g g very clever

- - PN

7 z  sequence of free cumulants

application

Rg’;:-;

d“! Eappaps - -- ag_1,03801
I\ -1 dt=1 o
(c:]) Re(A) -

T B2 = log Ee**!

ERi(A])

z=0
—Voiculescu, Speicher, Collins

4
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step 1&2: free cumulants for A

-1
Ri(A) = d** Earpaoz - - - ag—1,a01
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step 1&2: free cumulants for A

-1
Ri(A) = d** Earpaoz - - - ag—1,a01

0 p1,2) pMLn
ML) 0 e A2

~— —
=

PA’—>Xn+1 = : : - : :
pA(nal) p)‘(n,Q) 0 1
1 1 1
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step 1&2: free cumulants for A

-1
Ri(A) = d** Earpaoz - - - ag—1,a01

[0 L2 o P 1]
p)\(271) 0 :0)\(27”) 1
P Xar = | : S
PAn,1) pN(n,2) 0 1
1 1 1

Ri(A) = Re(p*) = (n+ 1)1 tr | pN(1,2)p1(2,3) - pN(£ = 1,0)p™ (6, 1)



intro example shape of A algebraic probability factorization of characters proof experiment outlook bonus
0000 0000 O0000e 000000000000 0000000 000 [e]e) 000 o]

step 1&2: free cumulants for A

-1
Ri(A) = d** Earpaoz - - - ag—1,a01

[0 L2 o P 1]
p)\(271) 0 :0)\(27”) 1
P Xar = | : S
PAn,1) pN(n,2) 0 1
1 1 1

RZ()‘) = Rﬁ(lok) ~ (n + 1)Z_1 tr p)\(17 2)/))\(273) o pA(f - 1,€)P>\(£, 1)
~n"rp(1,2,...,0—1)
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step 1&2: free cumulants for A

Ri(A) = Re(p) ~
L trp(1,2,...,0—1)
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step 1&2: free cumulants for A

RO
o <p o) = O
n/ -1 \
(5) e RN
z

n“trp(1,2,...,0—-1)
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algebraic viewpoint on probability
algebra A E:A=C

of ‘random variables’
expected value
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algebraic viewpoint on probability

algebra A
of ‘random variables’

E:A—-C

expected value

Example 1

A = C[Y,] is the algebra

of functions on the set

of Young diagrams with n boxes,
with pointwise product

EF =Y P,(A) F())
A

is the usual expected value
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algebraic viewpoint on probability

algebra A
of ‘random variables’

E:A—-C

expected value

Example 2 Example 1

A = ZC[&(n)] is the center A = C[Y,] is the algebra
of the group algebra of functions on the set
with convolution product of Young diagrams with n boxes,

with pointwise product

Ef = tr p(f)

EF =Y P,(A) F())
A

is the usual expected value
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algebraic viewpoint on probability

algebra A
of ‘random variables’

E:A—-C

expected value

Example 2 Example 1

A = ZC[&(n)] is the center A = C[Y,] is the algebra
of the group algebra of functions on the set
with convolution product of Young diagrams with n boxes,

with pointwise product

Ef = tr p(f)
) EF =) Py(A) F()
isomorphism )\
ZC[S(n)] 3 f — f € C[Y,] is the usual expected value
n v

F(A) == tr pM(F)
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normalized conjugacy classes; normalized characters

Example 1, algebra C[Y,]

normalized characters

Ch(A) = n¥ tr p* ()
for n =|A| and k = ||

n“=n(n—1)---(n—k+1)
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normalized conjugacy classes; normalized characters

Example 2, algebra ZC[S(n)]

normalized conjugacy classes

A= 3 (a.b) e Cl&(n)]
1§;;£)b§n,

Azp = Z

1<a,b,c,d,e<n,
all different

(a, b,c)(d,e)

Example 1, algebra C[Y,]

normalized characters

Ch(A) = n¥ tr p* ()
for n =|A| and k = ||

n“=n(n—1)---(n—k+1)
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normalized conjugacy classes; normalized characters

Example 2, algebra ZC[S(n)] Example 1, algebra C[Y,]

normalized conjugacy classes normalized characters

A= 3 (a.b) e Cl&(n)]

Ch(A) = n¥ tr p* ()
S for n=|A| and k = ||
A3,2 = Z (aa b7 C)(dv e)

1<a,b,c,d,e<n,
all different

n“=n(n—1)---(n—k+1)

v

isomorphism

Ar Chy
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not a toy case

random variable Ch,
Y 2 A — Cha(N)

what is its variance?



algebraic probability
000000000000

not a toy case Ay = Z (a, b) € C[&(n)]
1<a,b<n,
a#b
random variable Ch,

Yo\ — ChQ()\) A2 isomorphism Ch2

what is its variance?

(A2)? = Aro +4A3 +2A1 1




algebraic probability
000000000000

not a toy case Ay = Z (a, b) € C[&(n)]
1<a,b<n,
a#b
random variable Ch,

Yo\ — Ch2()\) A2 isomorphism Ch2

what is its variance?

(A2)2 = A272 + 4As + 2A171

Var Chy = E [(Cha)?| - (E Chp)? =



algebraic probability
000000000000

not a toy case Ay = Z (a, b) € C[&(n)]
1<a,b<n,
a#b
random variable Ch,

Y 3 A Chy()) Ay isomorphism Ch,

what is its variance?

(A2)2 = A272 + 4As + 2A171

Var Chy = E [(Cha)?| - (E Chp)? =

trp [(Az)ﬂ — (tr p(A2))2 =
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not a toy case

random variable Ch,
Y 5 A — Chy(A)

what is its variance?

factorization of characters proof experiment outlook bonus

0000000 000 (e]e] (e]e]e} [e]

A=) (a,b) €C[S(n)]

isomorphism

A Chy

(A2)? = Aro +4A3 +2A1 1

Var Chy = E [(Cha)?| - (E Chp)? =
trp [(Az)z} — (tr p(A2))2 =

2
n*tr p(2,2) + 4ndtr p(3) + 4n?tr p(id)— <n2 tr p(2)) =7

1
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disjoint product

ClS(n)] = ZC[&(n)]
some calculations are simple no simple calculations
(1,2)-(3,4) = (1,2)(3,4) Az Ay = Az + 4A3 + 2A1
new disjoint product
Az e Ay = Ao,
Az e Az = A3,

A3 @ A3 = A33,

— partial permutations of IvaANOV & KEROV
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algebraic viewpoint on probability
algebra A E:A=C

of ‘random variables’
expected value

A = ZC[&(n)] with disjoint product

Ef = tr p(f)
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algebraic viewpoint on probability

algebra A
of ‘random variables’

E:A—-C

expected value

Example 4

A= ZC[P]
partitions with concatenation:
(3,2,2) - (3) = (3,3,2,2)

E(m) = trp(m) = trp(m,1,1,...,1)




<
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four probabilistic structures
. EXamrple 2 Cqu,l‘ 4

e Xample 2 E-.J

Cls] ——m>C[s] == C[y]

NH'L‘ Jiya;mt f’a JM# “(f‘ e lv"“\ Con vnlm“"bn
/l\ )y o JuoF
: E ‘+r [4 7
eas; : E = +}’ g
:
A

exa..’(, [’

Cl?] —
qu’-r"“ohs ith E- "

Con c;\lc non
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four probabilistic structures: covariances
Col (A AY= Arhom A Ay = A= As A exempte 2
exanple 3 y Gov (A, 4,) <
Co (A ) = C[SJ —> C[s.] =t e(hAh)-

u—\LL\ disron Lo du expedohon . o = 3
-’y g,{Az/z)’ ¥ P) H‘l’f o (4 wHh  Conyolurtion ‘L_/"?(Az):’

_ A ?/DJ-«J—
[+ o4 ! £+
: E:‘/’rg
exenple § .
\
C,\,((Z), (l)) = —
cl?] >
=trg(22) - parktions with  E7™s

—[47 e(Z)]z Conestenstion
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Var Chy, part 1
Var Chy = E (Chy)? — (E Chy)? = Cov (A, A) in

/ (€[$.),4¢) wih

L,om/ﬂL‘""L‘l"" rroJuJ‘
2
trp(A3) — (tr p(A2))” =
tr p( Ao + 4As + 2A11) — (trp(A2))? =

tr p(A2 ° A2) — (tr p(Ag))2 =+ tr p(A2A2 — A e Ag)
\ﬁ/—q—/ R/_\/
Cov (A, %) oo (GRS )

(C[s.],4,e) with Condibional  expectition
J,;s}d.# produdk
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Var Chy, part 2
tr p(Az @ Az) — (tr ,0(‘2 =

n*trp(2,2) — (ng)2 (tr ;)(2))2 =

nt [tr p(2,2) — (tr p(2))2] +-(tr p(2))2

g_\/—/\—’/—'

Ca (| (), (L))
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four probabilistic structures
‘ eXorple 2 Example 4

ex”yb. 3 E = A‘J

Cls] ——>C[s] == C[y]

with disjoick prodect LT Ul stsbion
A. o d ot
" E ""V 4 7
e::s; : \[E = +V g
I

v

cl?] >

quLr"Hth 1..4;4 b

C,qﬂ:.'(ﬂ neFon

exm"(‘ 4
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characters «— properties of random Young diagrams
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characters «— properties of random Young diagrams

let p  be a reducible representation of S(n)
with character x (7)) =trp (m)
and corresponding random Young diagram A



factorization of characters
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characters «— properties of random Young diagrams

let p  be a reducible representation of S(n)
with character x (7)) =trp (m)
and corresponding random Young diagram A

the main result, very informal version

"suppose

X (7T1,7T2,-~77Fe)%>< (7T1)"'X (W)§

then
@ random Young diagram A
with high probability concentrates around some limit shape;

@ fluctuations of A around this limit shape are Gaussian;

.

— BIANE, SNIADY
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characters «— properties of random Young diagrams

let p(") be a reducible representation of &(n)
with character x(")(7) = tr p{") ()
and corresponding random Young diagram A(")

the main result, very informal version

"suppose

X (71,72, ..., mg) 2 XD (1) - X (mp);

then
e random Young diagram  A(")
with high probability concentrates around some limit shape;

o fluctuations of A" around this limit shape are Gaussian;

in the limit n — oo )

— BIANE, SNIADY
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characters «— properties of random Young diagrams

let p(") be a reducible representation of &(n)
with character x(")(7) = tr p{") ()
and corresponding random Young diagram A(")

the main result, very informal version

suppose

X (71,72, ..., mg) 2 XD (1) - X (mp);

then
@ random Young diagram %)\(”)
with high probability concentrates around some limit shape;

@ fluctuations of \/Lﬁ)\(") around this limit shape are Gaussian;

in the limit n — oo )

— BIANE, SNIADY
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covariance and other cumylants

A+t A
kZ(A1,~--7AZ): z1A1+-+2zpAg

— X logE
0z --- 0z og e

len-:Zg:O
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covariance and other cumkjlants

A+t A
kZ(Al,---,AZ): z1A1+-+2zpAg

— X logE
0z --- 0z og e

21:~~~:Zg:0

EA; = kl(Al)
EA;1 Ay = ko(A1, A2) + ki(Ar) ki(A2),
(

EA1A2As = k3(A1, Az, A3)
+ ka(A1, A2) k1(As3) + ka(A1, A3) k1(A2) + ka(Az, A3) ki(As)
+ k1(A1) ki(A2) ki(As)
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covariance and other cumkjlants

A+t A
kZ(Al,---,AZ): z1A1+-+2zpAg

— X logE
0z --- 0z og e

21:~~~:Zg:0

EA; = kl(Al)
EA;1 Ay = ko(A1, A2) + ki(Ar) ki(A2),
(

EA1A2Az = k3(A1, Az, A3)
+ ka(A1, A2) ki(As) + ko(Ar, Az) ki(A2) + ka(Az, Az) ki(A1)
+ k1(A1) ki(Az2) ki(A3z)

kl(Al) = EAl,
kz(Al, A2) == ]EA1A2 - EAl ]EA2 == COV(Al, A2)
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cumulants and Gaussianity
¢

kg(A]_, e 7Az) = %@zg |Og E621A1+”'+ZZA€

z1=---=2p=0
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cumulants and Gaussianity
¢

kg(Al, ey Ag) = &laaze |og EeZIA1+"'+ZZA4

z1=---=2p=0

if A1, A, ... are random variables
such that

ki(Aip, ..., A;,) =0 forall £ >3

then the joint distribution of A, Az, ... is Gaussian




the main result, more formal version

suppose that for each n > 1
p{") is a representation of &(n);
(7)) = tr p{") () is the corresponding character;

P(") is the corresponding probability measure on Y ;
R™ is the corresponding random variable Y, 3 A — R;i(})

1

the following four conditions are equivalent:

o the cumulants which describe the error of the approximation

X(n)(7T1,7T2, ... ,’/Tg) = X(n)('ﬂ‘l) ... X(”)(?—Q)

are asymptotically small for n — oo;
(n)

@ cumulants which describe the random variables R;
asymptotically small for n — oo

= law of large numbers, central limit theorem

are
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four probabilistic structures
. EXample 2 CXah,Q 4

example 32 E =

ClS] —=m>C[s] == C[y]

uv-”. nyo«'»r‘ fﬂ? Jvd' C‘(f"’/""h‘a" N'JI\ Cahvow‘b"
/I\ o Jud‘
: E""r [4 r
casy | E-+¢
:
v

2)(0.-’(_, 4

Cl?] —
qul-,*lfahs it E-+ s

Concate neHon
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expected value
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algebraic viewpoint on probability
algebra A E:A=C

of ‘random variables’
expected value

example 4, condition 4

A=(linear combinations of) partitions
product of partitions=concatenation

expected value E(7) = x(")(x)

cumulants;
ko(m1,m2) = X\ (71, m2) — x (M (m1)x (D (72)

cumulants are asymptotically small if

NG

ke(m1,...,m0) =

( 1 >(7r1_1)+._.+(71-£_1)+2([1)

— v
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nonalgebraic viewpoint on probability

example 1, condition 1

A=algebra generated by free cumulants Ry, R3, . ..
product=pointwise product of functions
expected value= the usual expected value

cumulants;
ko(Ri, Rj) = ER;R; — ER; ER;

cumulants are asymptotically small if

k(R ..., Ry) = (ﬁ)

iy Feetip—2(6—1)




proof
@00

conditional expectation
[E: (algebra A; of random variables) —

(another algebra A of random variables)

Aj is the linear span of Ch
multiplication: disjoint product Ch, e Ch, = Ch, .

Ay is the linear span of Ch,
multiplication: convolution product

[E is the identity map

difficulty: relate the algebraic and the probabilistic structure

show that cumulants of this conditional expected value are ‘small”.

if A has at most O(+/n) rows and columns show that

id - ol o
ki(Chzy,...,Chr, )(A) = O <\/E( 1+ 1)+ (1) —2(¢ 1))




proof
(o] le}

elements of proof 1: cumulants and connected components

EA; = ki(A1),
EA;1 Ay = ko(A1, A2) + ki(Ar) ki(A2),
EA; AxAs = k3(A1, Az, A3)

+ kz(Al,A ) k](A3) + ko (Al,A3) kl(Az) + k2(A2,A3) kl(Al)
+ k(A1) ki(Az) ki(As)
EA; ... A, is the sum over all set-partitions of {1,...,n}

Feynmann diagram interpretation:
cumulants are related to connected Feynmann diagrams,
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elements of proof 2: Stanley character formula

Chr(A) = (1) “9tm(N),
M

where the sum runs over maps M with face-type =
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elements of proof 2: Stanley character formula

Chr(A) = (- ZmM

where the sum runs over maps M with face-type =

K{(Chrys 225 Ch ) (V) = (—1)) S 9t (M),

where the sum runs over connected maps M with face-type =
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of the representation theory of symmetric groups &S(n)
there is a known explicit answer. ..
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moral lessons from today, part 0

o for almost any problem
of the representation theory of symmetric groups &S(n)
there is a known explicit answer. ..

@ ...given by some combinatorial algorithm. ..

@ ... which is too computationally complex
to be useful for asymptotic questons
and we need new tools;
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i.e. character on a product of disjoint cycles
is approximately equal
to the product of characters on each individual cycle
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@ the main result 1: if characters approximately factorize,
i.e. character on a product of disjoint cycles
is approximately equal
to the product of characters on each individual cycle
then the shapes of corresponding Young diagrams
fulfill law of large numbers and central limit theorem;

@ proof, part 1:
use several algebraic probabilistic structures;
each describes another aspect of the representation theory;
relate them to each other;
@ proof, part 2:
use maps to find bounds on the conditional cumulants;



moral lessons from today, part 1
@ the main result 1: if characters approximately factorize,
i.e. character on a product of disjoint cycles
is approximately equal
to the product of characters on each individual cycle
then the shapes of corresponding Young diagrams
fulfill law of large numbers and central limit theorem;

@ proof, part 1:
use several algebraic probabilistic structures;
each describes another aspect of the representation theory;
relate them to each other;

@ proof, part 2:
use maps to find bounds on the conditional cumulants;

@ the main result 2:
the class of representations
with approximate factorization of characters
is very large
and closed under natural representation-theoretic operations;



moral lessons from today, part 2

@ random Young diagrams = random matrix theory
because both have very similar combinatorics
of maps
— OKOUNKOV

@ combinatorics of random Young diagrams#
combinatorics of random matrics
— Lecture 3
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fluctuations
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outlook
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outlook

Lecture 3:

characters, maps,

free cumulants. ..

and Kerov character polynomials,

character shape

~ A~

Cho = Ry,
Chs = R4 + Ry,
Chs = Rs + 5Rs,

Chs= Rs + 15R, + 5R22 + 8Ry,
Chg = Ry +35Rs + 35R3R» + 84R3
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further reading

[§ Jonathan Novak, Piotr Sniady.
What is. . . free cumulant?
Notices Amer. Math. Soc. 58 (2011), no. 2, 300-301

[§ Piotr Sniady.
Combinatorics of asymptotic representation theory.
European Congress of Mathematics, 531-545, Eur. Math. Soc.,
Ziirich, 2013

[§ Piotr Sniady.
Gaussian fluctuations of characters of symmetric groups
and of Young diagrams.
Probab. Theory Related Fields 136 (2006), no. 2, 263-297
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step 1: induced representation pAngz;rl)

how to define the action of
S(n+1)={(1,n+1),(2,n+1),....(n,n+1),id } x S(n)

on {(1,n+1),(2,n+1),....(n,n+1),id } x V*?

TG(n—&—l) E
= 52 @
| Llew [ ] |
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step 1: induced representation pATEE:;Fl)

how to define the action of
S(n+1)={(1,n+1),(2,n+1),....(n,n+1),id } x S(n)
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step 1: induced representation pATEE:;Fl)

how to define the action of
S(n+1)={(1,n+1),(2,n+1),....(n,n+1),id } x S(n)

on {(1,n—|—1),(2,n+1),...,(n,n+1),id} x VA?

TG(n—‘rl) E
= S 2]
[ ] lew [ ] | 1

eigenvalue  eigenvalue  eigenvalue
=9 =0 =3

Jucys-Murphy element

Xpy1=1,n+1)+(2,n+1)+---+(n,n+1) e C[S(n+1)]
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Free cumulants for free probability people 1

Denote x = n+ 1. Jucys-Murphy element is defined by

J=(1x)+ -+ (nx) € C(S(n +1)).

Let p* be an irreducible representation of S(n).
We equip (C(S(n + 1)) with an expected value:

EX =y (XQEZ“ )

Free cumulants of Young diagram A are just free cumulants of
Jucys-Murphy element with respect to this expected value:

Ry = Ri(J).
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Free cumulants for free probability people 2

7y
N N7
DN E Y
: e

i i i i i i i

X1 Y1 Xo Y2 X3 Y3 Xa

Cauchy transform of a Young diagram:

A _(Z_YI)"'(Z_}’sfl)
6"(2) = (z=—x1) - (z—xs5)

Free cumulants of )\ are the free cumulants related to G*.



