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Lecture 1: characters, maps, free cumulants. ..
and Stanley character formula,

Lecture 2: characters, maps, free cumulants. ..
and random Young diagrams,

Lecture 3: characters, maps, free cumulants. ..
and Kerov character polynomials,
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representations 1

representation theory: how an abstract group
can be concretely realized as a group of matrices?

1

symmetric group &(3)
permutations of {1,2,3}

2 3

v

formal definition: representation p of a group G is a homomorphism
p: G — Gly

from the group to invertible matrices
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irreducible representations

representation p is called reducible
if can be written as a direct sum of smaller representations:

_ (r(8) :
p(g) = { pz(g)] for every g € G;

we are interested in irreducible representations

irreducible representation p* +—  Young diagram X\ with n boxes
of the symmetric group &(n)
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shape of Young diagram

Young diagram A dilated diagram 2\

goal for today:
study p** for s — oo
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characters and free cumulants

normalized character: for a Young diagram A\ with n boxes

TrpM(k,1,1,...,1
@) =nln 1) (n - k+1) dim(en5|on of p* ):

k factors

nk trpNk,1,1,...,1)

S VAV

3
(k,1,...,1) = | k+1  k+2
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characters and free cumulants

normalized character: for a Young diagram A\ with n boxes

Chy(N)=n(n—=1)---(n—k+1) — . 5
~— dimension of p
k factors

nk trpM(k, 1,1, ...

TrpM(k,1,1,...,1)

1)
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characters and free cumulants
normalized character: for a Young diagram A\ with n boxes

TrpM(k,1,1,...,1)

Chy(N)=n(n—=1)---(n—k+1) — : 3
dimension of p

k factors

nk trpNk,1,1,...,1)

s+ Chy(s\) is a polynomial of degree k + 1

free cumulants Ra(\), R3(A), ... are top-degree coefficients:

) 1
Ripa(A) := lim prasy Chy(sA)
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Kerov polynomials

character shape
~~ =
Chy, = Rs,
Chs = Ry + R»,
Chy = Rs + 5R;s,
Chs = R + 15R, + 5R3 + 8R»,
Che = R7 + 35Rs + 35R3R> + 84Rs

Kerov positivity conjecture:
the coefficients are non-negative integers;
what is their combinatorial meaning?
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maps

map
@ is a graph drawn on an
oriented surface,

@ bipartite,
@ with one face,

@ rooted / with cleverly
labeled edges,
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what Kerov polynomials count?

coefficient of R;, --- R;, in Chy
counts the number of maps

with k edges —0 1

with black vertices labelled by \ 3

h—1,...,0—1, /N X
and such that the map with
this labelling is an expander O

— FERAY, DOLEGA & SNIADY
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expanders: factories of interesting liquids

coefficient of R;, --- R;, in Chy
counts the number of maps

with k edges —0 1

with black vertices labelled by \ 3

10— 1, A 1
each black vertex v produces

v units of liquid, O

each white vertex demands

1 unit of the liquid, i’

each edge transports strictly — FERAY, DOLEGA & SNIADY

positive amout of liquid from
black to white vertex
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expanders: Hall marriage on steroids

expander:

@ number of white vertices )
is equal to
the sum of all labels, 3

@ each non-trivial set of
black vertices
has more
white neighbors than
the sum of its labels, >

— FERAY, DOLEGA & SNIADY
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no tree-like parts

if a connected graph G
has a disconnecting edge (which is not a leaf)

then G is not an expander (no matter which labeling you try)
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no tree-like parts

if a connected graph G
has a disconnecting edge (which is not a leaf)

then G is not an expander (no matter which labeling you try)

WLM ot 0_/ /{,«hyu"d (7
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no tree-like parts

if a connected graph G
has a disconnecting edge (which is not a leaf)

then G is not an expander (no matter which labeling you try)

WLM ot 0_/ /{,«hyu"d (7
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there are not many expanders with fixed genus
ui'JL\ e fac{

[\
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A
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there are not many expanders with fixed genus
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there are not many expanders with fixed genus
ui-‘L\ Dine _/LL&

o) o

A
%
AN
77

\
7

corollary: coefficients of Kerov polynomials are small
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Stanley coordinates

—pxq= %

-
' \

<

N

q1

k--->
|
i)
[y

if A — F(A) is a nice function on Young diagrams,
it is a good idea to study the polynomial

F(-p xq)
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characters in Stanley coordinates

—Chy = p1g1 + p2g2 + P393,

— Chy = p2q1 + p1G7 + 2p1P2g2 + P3G2 + P2G3 + 2p1p3qs+
+ 2p2p3qs + P3G3 + P33,

—Chs = piqu +3p{ 5 + P17 + 3piP2g2 + 3p1P3 a2 + Pi o+
+3p1P2q1G2 + 3p1P2G5 + 3p5G5 + p2d5 + 3p1p3qs + 6p1p2p3gat
+3p3psqs + 3p1p3s + 3p2P3qs + P3qs + 3p1p3quast
+ 3p2p3G203 + 3p1p3a;3 + 3p2p3G5 + 3P5G5 + P33 + pLa1+
+ p2g2 + p3q3
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embedding of a map to a Young diagram

Latn w

st f | T

@ map edges to boxes;

@ map white vertices to columns;

@ map black vertices to rows;

@ preserve the incidence;

M) := (—1)#Plack vertices embeddings of M to
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My in Stanley coordinates
F-7-——--"
I'I{ g+ —p3
y v " .
Sl A e -—r ===
7 | —P2
t@—Ow l
k -1 ---F-1-- _______:I/_ g p— R
1
Z{ q1 ' —p1
| L N
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My in Stanley coordinates
k-T----F- 4"
1
I'I{ g3 ' —P3
M Vv X ~
Sl A e -—r ===
2
7 | —P2
r@—Ow l
k -1 ---F-1-- _______:I/_ g p—— L
1
> 1 ' —p1
{ r = 7 :
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My in Stanley coordinates
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My in Stanley coordinates
k-T----F- 4"
1
I'I{ g3 ' —P3
n v M= M .
Sl A e -—r ===
2
7 | —p2
r@—Ow l
k -1 ---F-1-- _______:I/_ g p—— L
1
> 1 ' —p1
{ r = 7 :
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My in Stanley coordinates

vV

M

e

Stanley coordinates
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.
1
as L3
N2
k-1 ----F-1-- - - =
1
q2 '
1 —p2
1
1
X
PR R P e p— — o e sy pu PN
1
q1 !
L N
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M in Stanley coordinates |
N
M m BE ' —P3
M Vv X ~
Sl A e -—r ===
2
7 | —P2
r@—Ow l
k -1 ---F-1-- _______:I/_ g p—— L
1
pR 1 1—p1
{ r = 7 :

(—1)? x (=p1) x (—p3) x
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My in Stanley coordinates
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Stanley coordinates
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1
q2 '
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1
1
X
PR R P e p— — o e sy pu PN
1
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My in Stanley coordinates

vV

M

e

Stanley coordinates
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.
1
as L3
N2
k-1 ----F-1-- - - =
1
q2 '
1 P2
1
X
PR R P e p— —T o e sy pu PN
1
q1 !
? ‘ :
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q1

(=1)? x (=p1) x (—p3) x
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M in Stanley coordinates |
n—f T
M a3 ' —P3
] 14 N3 ~
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7 | —P2
b3 w I
k -1 ---F-1-- _______:I/_ g p— R
1
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My in Stanley coordinates
S :
M a3 ' —P3
M Vv X ~
k-1----F-4--]--F-4-"
) 1
7 | —P2
> w :
= ________________:I/_.____"*
1
> 1 ' —p1
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M in Stanley coordinates |
I
M a3 ' —P3
M Vv X ~
Sl A e -—r ===
2
7 | —P2
b w |
P e Py g g R P g g P

Z{Z—n i

k--->
[
A
=

(—1)*> x (—=p1) X (—p3) X q1 X 3
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My in Stanley coordinates

EEEE
ﬂ{ 93 ' —Pp3
n v _ "
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r@—Ow

—p2

F---

e_..____ _____ - -
Z{ q1

k--->
[
A
=

(—1)*> x (—=p1) X (—p3) X q1 X g3
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My in Stanley coordinates
k-T----F- 4"
I'I{ g+ —p3
M Vv X ~
Sl A e -—r ===
q2 ' by
r@—Ow l
k -1 ---F-1-- _______:I/_.____"*
1
Z{ q1 ' —p1
) L N

Nu(—p xq) = Z H PF(v) H qG(w)

F:Ve—N \veV, weV,

where G(w) = max F(v)
v adj:ceent. to w
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Stanley’s character formula

|4
Latn w
2, 5 3 >

M (N) = (1) %I
x # embeddings of M to A

R4

—Chi(N) =D Nm(N),
M

where the sum runs over maps M with k edges
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free cumulants

|4
Latn w
2, 5 3 >

M (N) = (1) %I
x # embeddings of M to A

R4

—Ris1(A) =D Nm(N),
M

where the sum runs over planar maps M with k edges
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functionals of shape

for k> 2

SN = (k1) / /( e acay

IS
|

w

1 2 3 4 5 6

Sy is homogeneous of degree k:

Sk(SA) = SkSk()\)
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characters, functionals of shape, free cumulants

Chy = S |
~—~—
degree 2
Chy = S3 )
~—
degree 3
3 2
Chy =5, — *52 + S
2 ~—~

V degree 2
degree 4

Chy =55 —45,5;+ 553 |
— ~~

degree 5 degree 3
5 25 35
Chs =S5 — 55,5, — ~52 + =263 4155, — =52+ 8S, .
5 6 294 5 3+ 6 5 + 4 5 5 + 2
" degree 2

degree 6 degree 4
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characters, functionals of shape, free cumulants

Chy = S5,
<~
R>
Ch2: 53 }
=
Rs
3 2
Chs 254—*524- S,
2 -~

v R>
Ra

Chg =S5 — 45,53 + 553,
—_— ~~
Rs 5R;
5 25 35
Chs =Sg — 55,5, — =52 + = =
5 6 294 573 + 6 5
Re 15R;+5R3

S3 4155, — —S3+ 85, .
~~

8R>
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p-square-free terms 1

if F = F(X) is a polynomial in Sy, S3, ... then for any
ki,....k, >?2

I e .
T T = (-)'[pr* " g HF(—p xq)

Example: for any k, ki, ko > 2:

[SkIF =(=D)[praf ' 1F(—p x ),
[Sk Sk,]F :[quflflpzqgrl]F(—p X q) if ky # ko,
2 [SZIF =[p1af p2g5]F(—p x q),
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p-square-free terms 1

if F = F(X) is a polynomial in Sy, S3, ... then for any
ki,....k, >?2

o .0 ot

__F — _1!‘ . rkrilF_ %
9Se 9Sk |s,_sie o (=1)"[prgy prq"1F(—pxq)
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p-square-free terms 1

if F = F(X) is a polynomial in Sy, S3, ... then for any
ki,....k, >?2

T T = (-)'[pr* " g HF(—p xq)

Hint: for i <---<i,and r >0

exponent at least 1

k
[pil .. .pir] Sk(—p X q) = (—1) (k — 1),_1 qfr_r |f 1 S r S k -1
—_———

as polynomial in p 0 otherwise
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Corollary:

0 0
. Chy —
asil asig 52:53:..4:

(—D)lp1-peg ™ gl ] Chibp x q) = . ..

number of maps

o with k edges,

@ which have £ black vertices, labeled V4, ..., V,,

@ and there are iy — 1 white vertices attached to V/,

@ there are jy_; — 1 white vertices which are attached to V,_;
but not attached to V),

@ there are jy_, — 1 white vertices which are attached to V,_,
but not attached to V,_q, V,,

o there are i1 — 1 white vertices which are attached to V4 but
not attached to Vo,..., V),
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free cumulants in terms of functionals of shape 1
1 1

Vi
10 O1

Ri+1 = Skq1+ -+

outlook
000
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free cumulants in terms of functionals of shape 2
2

1 1
2 ®) 2

Vi

1
RkH:..._Ek § SiS, 4+
117’2227
h+ih=k+1

outlook
000
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free cumulants in terms of functionals of shape 3

1 1
2
Rie1 = Sk1— 57k y S Sy + 57k Y SiSuSh
’ i1,i222, ’ i17i27i3227
i1+ia=k+1 i1 +ia+i3=k+1

#\\\I_

r_
F

T T R

Ra())
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P-squa re-free terms 2

if F = F()\)is a polynomial in Sy, Ss, ... then for any ki, kp > 2

o1y~ pagy” 1F(p x @) =

o 0 E _
askl 85"(2 Sp=53=---=0

o 0 _
askz aSkl Sp=853=---=0

P10y~ pagy’ 1F (p x @)
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p-square-free terms 3

if F = F(X) is a polynomial in S, Ss,... then for any kK >3

[p1p2aqs 2|F = —(k — 1) [Sk]F = (k — 1)[prgf ']F

Hint: for i <---<i,and r >0

exponent at least 1

k .
[piv - pi] Sk(=pxq) =< (1) (k—1),1q; " fl1<r<k-1
——— _
as polynomial in p 0 otherwise
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toy example: [Ry, Ri,|F

if F = F(X) is a polynomial in Ry, Rs, ... then

2
_9 Al
IRk ORy,

=R3=--=0

[P1P2qk1 Yax2 1 F(p x q) — [p1p2gs T2 F (p x q)

4

Hint:

o 0 0 0
F= F+ ki +ky—1
ORy, Ry,  OSi, Sk, (ko + ke )ask1+k2

[Plpoat* a2 U|F + (ki + ko — 1)[prgf e F

F=
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toy example: [Rk, Rk,] Chy,

We are interested in maps with ki + k» — 2 white and two black
vertices Vi, Va.

#(maps such that V; has > kj friends, V5 has > k; friends) =

#(all maps) — #(maps such that V; has < k; — 1 friends)

—#(maps such that V, has < ky — 1 friends) =

(=1) Z [P1pzq;{q§'} Chixq + Z [P1P2CI{CI§.] Chixq

i+j=k1+ka—2, i+j=k1+k2—2,
1<) 1<i<ky—1
i J pPXq _
+ D {Plpququ} Chy
i+j=k1+k2—2,
1<j<ks—1

ki—1 kz 1 pPXxq ki+ko—2 pXxq
] Che ] ChP

[p1p2g; —[p1p29;
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(k+1)k(k—1)

Chy— Rkpr = Coo1 +---
—— 24 ——
degree k +1 degree k — 1

G= > J] Gs-1R,

it tig=k 1<s</

35
Ch() —Ry :TCS + 42C3,

469 203

Chy —Rs =14Co + —Ca + Tc; +180G,.

—GOULDEN & RATTAN
positivity?



Jack deformation

Chy = R3 + Ry,
Chs = Ry + 3R3y + 2Ry + Ry,

Ch4 = R5 + 6R4’y + Rzz’}/ + 11R372 + 6R2'73 + 5R3 + 7R2")/.

@ non-negative integer
coefficients?

(
@ non-oriented maps?
@ partial results:
— Workshop on

Asymptotic representation
theory, February 2017

outlook
o] o]
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further reading

[§ Maciej Dotega, Valentin Féray, Piotr Sniady
Explicit combinatorial interpretation of Kerov character
polynomials as numbers of permutation factorizations
Adv. Math. 225 (2010), no. 1, 81-120

[@ Piotr Sniady.
Combinatorics of asymptotic representation theory.
European Congress of Mathematics, 531-545, Eur. Math. Soc.,
Ziirich, 2013

¥ Piotr Sniady.
Stanley character polynomials.
Chapter in the book
The Mathematical Legacy of Richard P. Stanley
American Mathematical Society 2017



