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Probability space

Kolmogorov probability space
( R ,F

,
P )

Conditional expectation

K E F 6 . algebra

EIX | k ) ← A  mean .ae function

[
F- measurable fruition

st .

§
,
# An dp =§× *

g.  on tier



Algebraic viewpoint on probability

( Nonfcommutative probability space

Ex=pk
t= La ( r )

,

E :A - e

random  variables  with all expected value

moments finite

general commutative united algebra A
E :# → E linear  map

El =L



Conditional expectation

Example

A- Lots ,F ) �1� =L
.

( r.se )

Bet
EAB

A → B

¥JE�1�

E( Ehtla) b) =E( a b)

General caie
"

three  united algebra )
,

A  

¥Bs
B three  united

map ,

⇐  ¢ ¥ / #e " 0 father  a , , motion , .

�1�



Key examples .

Starting point :

g :S
.

→ End V ( reducible )representation  of Sn

V=@ m

' V
'

-

/\tn
e { on ,2

,
... } multiplicity

Character X :S
.

→ R

XII ) = trgf , )= Troy
dim ✓



Example l

Kolmogoro.v probability space

D= {Yn Young diagrams  with n boxes

Mt )= me
s dim V

Non - commutative probability space

A = C ( In ) = algebra  of factions
{ F : % → E }

product  = point wise product

EF=g§y
.

PKHFIH



Example 2
.

A= ZELS .
]

Center  of the  symmetric group algebra  with the  convolution product
( = Central functions ,

class functions )

Ef=trs( f)

Example 2 ±Example 1

isomorphism  of algebras

Compatible with the

expected value

An - Az

Homework : 1¥/Ez
the  inverse  of This ¢

isomorphism ?



→ Lecture 4a Example 1
,

revisited
.

Q
...
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Y 3 � 7! (�)

=
X

 ,  ,
6=

( , ) 2 C[S( )]

7�������!

( ) = , + + ,

= E
h

( )
i

� (E ) =

⇢
h

( )
i

�
�

⇢( )
�

=

⇢( , ) + ⇢( ) + ⇢
� �

| {z }

=

�
⇣

⇢( )
⌘

=?

with our  notations

' A.  =

Z.tl#ana.r
) transposition

C halt )= IX. ( late ) trg 't,i, )

Moral lesson :

we  need more  structure
.



→ Lecture 4 a







→ Lecture 4a

-

Partial permutations



Example 1

Non - commutative probability space

A=C(In)=algebraoffnt=tF:%→C}-product  = point wise productEF= ,,§yy
Pst)
th

) / MORE structure !

A  = span { C hit  :  it -

partition }

$ Homework
:  show that (Ch . ) are

linea.ly#...........p+.;Llq..y;;;;.+;..........a....;
,

Hint  → Example 2
.

J
remains unchanged .

Et ( he =
 n ( ni ) ... ( n . like ) . X ( I )



Example 2
.

revisited
.

A-2K¥
A= span # it

:
 I is  a Partition )

f= ( f
"

,f
"

,
... ) element  of him

Ef  = tr s ( f ) Ettrslff
" )

linear  combination  of partial permutations  of
{ 1.2 ,

...

,  n }
.

Hint :  ignore  support of partial permutations.

→ Lecture 4 $ Check that I
,

 are linear  indep .

[\ Chech that  a product Iii -2
.

is  a linear  combination  of ( Iit )
.

Example 2 ±Example 1

£
 t

- Chit
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C[S( )]

( , ) · ( , ) = ( , )( , )

◆ C[S( )]

· = , + + ,

• = , ,

• = , ,

, • = , , ,

�!

with our  notations

At  = It



Disjoint product  of partial permutations .

usual product  of

partial permutations

• = {
if Anna .=0

0 otherwise

production
product  in �1� [ Pn ]

product • works  nicely with the  inverse limits  and gives  a  well-defined

product  in A= span ( 72
,

)

In • [
I

,

= [
I.  utz

Example 3
.

A= span ( Iit : I is  a partition )
product  =  disjoint product •

Ef= trs ( f )



Example 4
.

Partitions  is  a  commutative semi group

product  =  concatenation  of partitions .

A=¢[ Partitions ]

trslt ,t ,
. .in )

Ex= ( anteon . #hits
' ' k "

cycle decomposition

0 otherwise



�
/ \

/

. example 2
easy example I

example 3 E = ;D isomorphism

�1� [

Siamak
] = e[zY

.
]

with disjoint product expectation with convolution

*

product
;

E- trs
"kineastj"

; \fE=trs:

example 4

"

ELP ] - ¢
Partitions  with

E=trg

concatenation

atpyiomt.at#ep.e.eata@

e #



�

Covid ( Az ,Az)= Az•Az - Az . Az = Az
,z

- Az ' Az example 2

Grate ,Az ) .

example 3
E . id

Cor•H . ,AD=¢[ Sn ] #-) Q[ Sn ] =trs( AIA . ) .

f. g( a ,z ) -

with disjoint product expectation with convolution
- [ t✓g( Az ) ]2

A

product
[ trsca . ) ]2 ; Ears

'

 

; \ftp.trsexample 4 i

,
J

Y

Grill "
'

' " )=
ELP ] - ¢

=trg( 2,2 ) -

partitions  with $=+5
? RELATIONS

- [ trglz ) ] concatenation
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= E ( ) � (E ) =
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⇢( )
�

=

⇢( , + + , )�
�
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�

=

⇢( • )�
�

⇢( )
�

+ ⇢( � • )

Gv ( Az
,

Az ) in

- ( ¢[ Sifts ) with

convolution  product

÷•

I Az ,Az ) in trg ( Gvi
"

( Az ,Az ))
( E[ Sn ] ,trg ) with conditional  expectation

disjoint  product



�

⇢( • )�
�

⇢( )
�

=

⇢( , )�
⇣ ⌘

�

⇢( )
�

=

h

⇢( , )�
�

⇢( )
�

i

+



�
⇣ ⌘

�

�

⇢( )
�

- ÷
Cov ( (2)

,
(2) )



Cumulants
.

= ( * )

µ:#www.IYFIIIII.in
.

this definition  is  oh if  we  view 4
,

.  .

, Ze as

formal variables ( → t.ee )
.

= [ 2. . .
. ze ] log € grant

- "

Small examples :



Carleman's condition

Information  contained
e- Information  contained

in cnmulnnts in  moments
.

Cnmulrnts won best for  random  variables  which

have all moments finite .

They woh even better  if the distribution  is

uniquely determined by its  moments
.

→ Hamburger moment problem

→ Wikipedia

%1- =x

n=n
✓ Mzn



Moment -

cum . lat formula :

-

E An "  . An = ¥Kit ( A
... ...

,
An ) ( * * )

partition ,  of { 1 ,
. .

yn }

Example ,
:

E A
.

= K ( A
, )

qn

it An A. = K ( A
, ,

Az ) + k ( A
.

) KCA
. )

•(g2q^q2

E A. a A
,

=  .  .
.

Moment - armvlant famla give ,  a triangular  system ef

equations
⇒ cumulants  in terms  of moments

.



Homework : shou that the

definitions
of free

Umlauts via ( * ) and via ( *  * )

are equivalent .

Hint :

E Xi .
. Xn = [ z

.
... zn ] Lf@2nktit2.x.

⇒i.zje@sEIxItgIxi.nwe  understand its  square - free terms  via

| cnmulants

e- =Z÷,a "

-=[ pa¥tn
, .tn ,

...

. }

¥ M [2e
.

'
. ze ;]

K ¥' T 6=46 , ,
... ,b ; } log Ee4×' + '  ' t2n×n

into k non - empty parts actually ,
the

6€ partition -order  is  not

important K( Xb
. ,

...

,
Xb ;)



Fact : joint  distribution  of  random  variables Xr
,

. . ,Xq

is ( multidimensional ) normal

a

He
> 3 tin

,
...

iieehr
,

... ,h3

Ke (Xin
,

... ,× ...
) = 0

µ
Hint : Gaussian  distribution has  a

simple eaxapruhittantm

* qq.IE#nis
uniquely

determined by moments



tear
"

how
 cumulants  of products  are  related to  cumulants  of  individual

random  variable ,

"

K( X. Xz
,

X , ) =k( X . ,X . ,X > )

€7
+

w• '

KH
. ,x ,

)Hk )€90 +

K( X
.

,X
,
) KCX

,
)

#
Xn

,
...

,
Xn - random  variables

it - partition  of H
,

...

,n } H={ { Ii
, ; :1Ej<It

,
1 } : eeisec , ) }

÷ah it ;

Yi

Thm
. -

K( M XT; .j
: 1si< eat ) ) =

Kj< Hit

[ Ko ( Xn
,

...

,
Xa )

6 - partition  of 41
,

. .

;n )

2✓I = A

f-
!  Plural form !

Hint : take the above formulas as  a  definite of

K( Y
; . ,

Yn
,

... )
.

Check that  moment . cumulant formula is fulfilled
.



Approximate factorization property .

E : A - B

graded /filtered algebras

Def .

E_moximdeudownprpe.lyif

G) degpfklx. ,
...,×e))E Zdegix ;

 -2kt ) Vx
. ,

... ,xeet

Def ZEA generates nicely A  if
each XEA can be  expressed as  a polynomial in the elements  of 2

AND each monomial of this polynomial is  of  degree f degree  of X
.

EI 1. × ,x2
,

... generate  nicely QIX ]

ttx ,×,x2 ,
... DO NOT generate  nicely E[ × ]

Homework :  show that  if Z generates  nicely A and ( * ) holds true

for all X . ,
... ,XeeZ then l* ) holds true for all X

. ,
... ,XeeA .

HINT : Leonor & Shiraev
.



Conditional expectation

EAB
B

thee  united algebra ,

A - three  united
map ,

⇐  ¢q\JEE
" ° father  a , , motion .

E )

Conditional cumulants

Example .Kte
( k

, x. ,×})= KBE ( Ktblx. ) ,

ktps ( x
. )

,
kts ( x

> ) ) t

KBE ( Ktblx. ,
xD

,
kts ( ×

. ) ) +

I two  other  similar terms )

+ kBe(kfzlx
. .× . ,× .

) )
Billinger 's formula .

kte ( X
. ,

... ,k)=[ kBe(ktb ( X
;

: jet ,

. ) : lsiseh ))
I - partition  of

Li ,
...

,  n }

I={ I. ,

... ,Ie⇐ , }

Hint :



Gudinas .


