GA v J/‘MLJ ' a L>L\9n_




-‘rOJ eXa)-,l( ! Vondom M.‘Ar/}_e;_

GUE  rader i
X = XM :[X;;]

2
(XJ )l(' — #/’1 o A/ - Ji”‘lﬂn‘arwl Wh/{AX Cﬂhfe/cJ 9"”“""' \/ZJO/
giy s

COVa/iom @'

EX, X = + C=1 L]

X"J - Xj:’ (<:> X=X{> Hweua/Lf Lm L P,aJuQ sy, Jordom  whries

in a )'m/lj and mq‘uml 4.47’7

O,Mtl‘l'l'omi jo/,-‘f Jish b Fom a/ th ranJJM Van‘mélzx ?
X, X, A -

4
=A7T/



Svate.  F X A X" -

E+/>(>(+/XX:
nonent= camlont fommiln

- 2 Z E X.’, B X, i X/‘, i Y,; A

A< iy

Cumvlaits

+ (‘H«u ’H\;VJ m-«m,q)



?m’/ ?arl-%/-'b,. = vibbons  thih comet  velias on '#‘L Aa[zs

//1—_ ) / _ _ X - 2 #‘L«au—s
M.um‘lr of spheses : Wﬂ-‘us/Z N - —// - A/

“«ﬁl/ jl«"ry Ahe vibbons,  Ahe  Colleckion of sphees Al holes becomes  ANOTHER  colledion of
sphees  with holes:

eoty ne sphee = Comnded conpomert Eoliy  donsadesishie
cadr nee hole = LOOP #V = #-/-dws
#E = ‘#./ld“ + #";_JM
Jxig e holes : Ho cah hole gl o disk. HF = Hboes + #loyps

O'A’wmg : Sus face w“”vaw( baunJay_
i 7 » #fodos
s 40/9(,95_.1 =1 X= '#V"#Efff: = + Hoces + ‘#&”ﬁs

2




N
h

. L/ matd (— ro= =, ]
Momend = comdant .ﬂn».,b wthing (= r;;m ) " )
TR e
6 Covariana
_r; N X =2t
M'*“""J‘
,Z‘ Zgg..us

X =2t

K4 X" -, 4 x")=Z

metdhings  ubich
reseld wlh & Connected

SV'./nu
Gorollan -
a 1
K (e X" X)) = O(I/T/T)
W
o U1 commns e /

Wou, chet o eoriidense

Lzﬁ,f~~+F(

=42 Pa)

(ﬂ'"’f P p)

Tl encodes ‘/‘l
ae  iafeeded i,

Peodad of Faces ce



HOral Lessonss. Jy,fc.i fhensnens for vordom

* cadh (Comma = JﬂJ/d «(aﬂs ‘;j /Z Mockvices  ond

. repesentoions.
be conides Foday  only  orented [osertoble  surfaces
= x<1-7 3 IS an  even number
= al @yoneils i N hae Hhe some Pty
Your  combinmtores  uies  pon- orentoble  sucfaces ?

= both patis of  eyomds in M.

o (LT
v K
<—}; X() - 64'“!‘”5 > __—J—> cetered ewssmn  Vedho,

z ez 1

HWNUWL ¢ Covasonce 7

Corolla

L OR=R(h X A X ) | ety of day of cumlads
L ’o%’p‘"# —>a Lo" pj CLT:

theo k(PP . P)= O(Wﬂ—)

”‘ﬂ"‘ —Aﬂnub aﬂ y(;.mou LSI/-W




Hou Jo cula/" le'—‘ JD -IL( exqp./&
Apf/ox}mw(e _ﬂaolo//uoﬂ'on ?Nﬂ“b‘ o_( yandom  malvices -/m /R

, 7
P/ﬂv'OMS ,79.’_3
A — B A My (4 x4 x5 )

Z- graded /,l’,-ucu alpebras dey H x'=o0

Jos st e

B = CL'_:?] fab»ow‘-l; in é

ey )€ 3 & Tl o(v?)

Dy.
E Aﬂ; %gax,‘mﬂﬁ _.'ﬂaaloy/un‘v‘on Fyd,e:b f\f

(—)f) d@g( K {X,,,-“, XL)) é Z dej‘,( X,’ - 2({"{) \/Xl’...,)((e_s‘(

O”/oxim‘/'e #daiu’—im Pafg;b S a 2,0.9‘1 news.
‘ﬁo/ a”Lcw‘-ms ve alu.v wonl *{e Aht i’-ﬂ”‘""“a’ obout

K {X) = Fx #/ ot agliction H is @noush

and 'I'O ‘um ou& Jhe  dommait
k (X, %)= Gov (%, X.)

pot (ol wped o e
_f?unﬁm on 2)




Dgé Z < \* 3%9/&5 m'a9 7( :;[
eadh Xe€sk  can be expessed as o polynomal  in e elome s of 2
A’\@ ead" m;ngm'we o! -”\f; f\ognomr'nl. 5 Of dcjnc \< deg’cz. of X

/Ei /l, X, XZ/ 3ene/00(e nfu,ej C[X]
4+x/x/x2/~- Do NgT 9ene, wfe w'a& ‘C[X]

HomeworA-‘ show Hbodt /! Z 32/)0&‘&! m'u',(:j \.51\' and (7\‘) /IOLJJ ‘Lut
oo al Xy X eZ e (%) hotds Aee  fo all X, X €Sk
“/W 0<&0nos/ 5 -%f/ae‘/.

moval lesson: Ao enou gk A prove

Qpproximede ‘f,ulo,r»(’a,. 'm,,,# on  some

(W""‘l) bosis .,V

=




Sk 74 B A é ,fz
/’71
‘ a -
’/mx m’lP
| ﬁh$
£
pﬁaf
u?‘f
p-re

Eé\
Cfl B
e
Hhe
DI/VV’
X,
;'\'\‘h
ﬁu
A whs B
"I,
ol
- :
e

y
ik
. B
t:./Ll-v‘
lf\;? !
v S fw
S 2N
+
Co
co



< - P . N
intro example shape of A algebraic probability factorization of characters proof experiment outlook bonus

0000 0000 000000 O000000@0000 0000000 (e]e]e} (e]e] (e]e]e} [e]

four probabilistic structures

EXamrple 2 casy Cqu,Q 4
z)(”'fl‘ 5 E = ,'J leo»a,,L,’,,,. _
C[Sn :-, Conditionat ) C[S”] —= C [ y’. J

C\(fc Ao on

u"“‘L\ nya;n" f/aJMd. A/"\U| convoluition

7/0Juvl-

L + b [recin E:+Vg

r«m‘ml peomttion !

exa..’(, [’

] ——— C
qu’-y"fiay.s QHL i Vg
C‘V‘C‘-(cfl#"'on _(au/ St‘#u,’sl _'[:’w Versions a_[ a//wanlq.de _gd-o,i-qu'a. F‘,,,,.b.
Ha.l ane ‘/‘? ru(;/d ong -L’I an.’-uu/?

’-”VT ‘“wly ot equvalest  ond e how how B o Cov e
releded.



ch,e ) ¢,,-l ohon -LAoog ond Q//,,)(,',.,,otg 7Lv JUJI'UJVO"_

Cmm-n SUL,?

(f,,) 5 a seguence of (./eJmuz) repoe sfokions

¢, S — & V.
'Pcv‘n"ul'at f,oJ«al g/ __'A.-;L'ons

‘H‘f’ eanva( t") a 1»04»45:1‘;14& mln-"n;
EXW—,IJ 4

et cun ot

A= oo of b Pk o Y ]

.A = J‘lj (CL"— TN Pa,-lf'Lwn) :% (Rk: é;Z) =

:span (CL,,- U is e .,,J;Jq,,.)
sHMy (Che + k1) ’ = Ay (S, - t52)

A S
f;blu-(«.',,\: A"'J C[,W = , i+ L (x) 9“44,.," . i? f‘ :: .
|'l ’btfas sOme ‘\(f'me and #r‘ J-o

chede  4hot ol abow defion  af
A and s _vapJ-ow a.e e?:vw(l.n"’

B- {(an) : '0,,’ grous  of  mod Lbe o fobnorw'ov('}

_(iblv»‘w'on? J
dey () €4 & a -00"):0(n%) { Ei—B
'l o'ff"”".“““‘ —LJO.:"”J"W‘ f—a/n—b/

W Con veu Z‘u J Ll/,_e

[é (F> = E F()x,,> mmbes and  CLUT.
whese Ak = random 7009 Jiagyan bk Goxes

F( =55 V=@ n v

n
2




j’\ = Span (ZT TW s a PaA-i-l-va») elemeds of A ae e eloweds in
7{‘5 {Z“ N T S ?..J;I.,,) C[?] S £41 C[_/P.,j
Wy (2, k>4)

P/’Juo’ = ‘“lt Lol ”wmvvfm"‘"r” r«aJ«H[
..(v'b‘/ov"‘vn" c‘g Zﬁ = IW ' + {(Ti)

EXan,le If — Exap.,(‘ 2
sSo af,mxiru/‘e _fauk./-w‘m p’o",b e EY.,/,Q 1 &
approxi mete —LJM:»L o f"?"b I ék.,.,lg 2.

CLF _ ZT
S0 rl is ‘Lfv"w( S rel fe E and Cou/
in A,;ﬂ‘ (,o,.‘l(x‘/_(.

The aly ddlonge:  find alibior Belinen -
hi comtts (R

¢ Ldiond o e (5D

* dovdes (Che)



P/O Jq - 'l A
El cll’) ‘o
Ot
/p,oJ OL .



T

—

example 3 E -

‘qus Hed l‘b g is
mrl os Avivial s ﬁ‘
/

m;,lnl— Jelm .

eXa»«,’lz 2

C|7 ]

ConditionaL

>C[?]

4 fﬂ/e,un" ol J,L'aﬂ"’on

with ‘:‘"yd"—‘ f’”’”’f— e wih  conyolation
7’0 J,. o+ )‘wd(w/u : owm/b.«”i 01[
/ =7
< E, ,-d“ E Ic{ meause »ﬂ\(

éOIL) ; 0nd éi‘

£ Xe/ciiL H‘ 5 enow )L‘ ‘L° peve #"A
HINT: . )
S A}J(
o1

Hs s Fore id
idendi 4_7

Camolats hae VERYT \|

J;‘-’L‘ -Io'” (uLn'nL ?) J

gXarylﬂ. O =

LI'VL a/f/o)(;mﬁé ,,La(o/i'w/-ion Pm/aéj_

H v

K+M’ u()(,;) =

JC(#/!II(C gdkzln #1(
t,on\/oﬂwﬁwn franrf qnd
dijoid  produt.

IOuU -ﬂv one o Ou,
one

)
and J( ae e’w[ as veotor

Sfol(li M NO_’ oas 09}/6/41
id IS an I50mo,phism &l VESOR  sthces

ond at  of ALGEBRAS.

use Bﬂ'u«'njc/'s fam.,l. o -ﬂ’m/
/obrl-v'oa“,l, boheen comilot # sl am /.’J‘{

S0, B +

K “ )(,_7)

J(X,;>

/wawjz‘m\/./

= Kiﬂ (X/9> i

—> st



Paof >

e)(an,,lg 2
exanle 3 E =
C[(F] Conditionat > £[¢ ]
with disjaint pooduct LTI tstion
f,aJuvI-
Eﬂan% ‘I‘O dLOu ‘I’L‘J ,Iyl'(.u (Zk 5 1(>/'{) j(nc/aft ‘H\l

dlgtbra i o e wny Hht it compitible oAb bt

deg (K3 T.))< D dy =0, ~ 2(¢-4)
— L 7t
=7
JM& ‘ﬁD 'ﬂ\l l:lom//L,:lm MN@" EK&V& /{
Ond gxa»yh 2 we  Com /’.Je.-ﬁ'& z r with (’L’T

LJ"‘H\ a small obse q/ ,,,},qu,, ﬂt lhw‘u Sonse 40
sosh about K (U, . 0,)

dog (Kl o))< D) dey Cho = 2(€1)
e

nn
3
~N
&~
x\
w
—~
™M
~
™M
~—r
!
ina)
I~
M
~
™M
~
~—
(
/=
M
g
™~
—
1§



Lemma. 4 Fe Span (U»r>
1"0417 v need ong <
‘H\Zﬂ Jﬂ.ﬁ F = Jﬁ’jwz ol S"‘an[g fcgrmm'nl
Flprg) lechty, o el

r:(,,)..-/p,,\ al a.»‘{‘r‘-
G, 90 Geastt

M—
G‘N
]

th/a o,’ Fe Span (CL,T) = inﬁo/m}ﬁn on Q;;m,#"*fo

Zm; Jfly/a.,..,,

‘ch #val«m o Span (Q:T )
Was wnﬁ'mu/&d' _'Lm ‘(L\l veez
)‘{7‘/4 Jo W '#1:3 OonJo"/"Gw ‘s

folbies

o F() or luge



N, (A) == (—1)Fereles of o2 Lembeddings of (o1, 02) to A

S“-an(l) ./olwbl
<)
G, =6 D ML)

4,0
8.8,¢ S(hy+-.e ‘)
8.8, = (12 rb)(bunn, . - b be)- -

(G )V =60 2T

10y 0y b 0
‘ 88, € SUrtk) xSl <hi)

Corotlasy: S
[K“ (G, .., t, )] (3) -

(-4)L Z 4’1&'& (1)

4,8, ¢ Slk,+-+k)
8 8= (42, k) (brhy - ooty -
8,8, is TRAWS/TIVE
(= oy s Cowweersn) bopee = Horlo (2,) + Hopdes (2.) =
#Ve'*?w of Yhe mep é
‘H“ map i w»mufd./ I{(f«‘-{ kl - ( +Z =
X =2-2 ges <2 () ¢ (b ea) - 2L €2 =
= ch a',,‘*“* .Jg c,,, ‘2((°4)

HV-4E+#F =

$V = (keonky) + ¢




Poof fo

é.XW»/:L(. KI';(Ik” Z/,,_)" (I D_k ) E £(Z ) =

Zk 'Z’u - 2—‘l<,'1¢z

,

K
K ( (7, A , e (T, A,)> = @) i gt do divde A, A Ao
.
padiol pecpihubion "’ua non- z-rb Lases , Juds Ht o -ﬂo».
One e J.‘y,;,‘-‘ vith b uds —,L». He  ofhe

[T M- T, WA uA() othesuise

Siwe 4 _,.,,,,I» s
[Ad 44 1Al = (L-4)

‘”u's s nof enau;ll and o Jo,oto)/cw( “l{?vmaml- is necessang .



Probab. Theory Relat. Fields 136, 263-297 (2006)
Digital Object Identifier (DOI) 10.1007/s00440-005-0483-y

Piotr Sniady

Gaussian fluctuations of characters of symmetric
groups and of Young diagrams

Received: 7 February 2005 / Revised version: 7 September 2005 /
Published online: 29 December 2005 — (©) Springer-Verlag 2005

Abstract. We study asymptotics of reducible representations of the symmetric groups S,
for large g. We decompose such a representation as a sum of irreducible components (or,
alternatively, Young diagrams) and we ask what is the character of a randomly chosen com-
ponent (or, what is the shape of a randomly chosen Young diagram). Our main result is
that for a large class of representations the fluctuations of characters (and fluctuations of the
shape of the Young diagrams) are asymptotically Gaussian; in this way we generalize Kerov’s
central limit theorem. The considered class consists of representations for which the char-
acters almost factorize and this class includes, for example, the left-regular representation
(Plancherel measure), irreducible representations and tensor representations. This class is
also closed under induction, restriction, outer product and tensor product of representations.
Our main tool in the proof is the method of genus expansion, well known from the random
matrix theory.

1. Introduction
1.1. Representations of large symmetric groups

Irreducible representations of the symmetric groups S, are indexed by Young
diagrams and nearly all questions about them, such as values of the characters
or decomposition into irreducible components of a restriction, induction, tensor
product or outer product of representations can be answered by combinatorial algo-
rithms such as Murnaghan-Nakayama formula or the Littlewood-Richardson rule.
Unfortunately, these exact combinatorial tools become very complicated and cum-
bersome when the size of the symmetric group S, tends to infinity. For example, a
restriction of an irreducible representation consists typically of a very large number
of Young diagrams and listing them all does not give much insight into their struc-
ture. In order to deal with such questions in the asymptotic region when ¢ — oo
we should be more modest and ask questions of a more statistical flavor: what is
the typical shape of a Young diagram contributing to a given representation? what
are the fluctuations of the Young diagrams around the most probable shape?

In this article we are interested in the situation when—speaking informally—
a typical Young diagram contributing to the considered representation of S, has
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