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Example ? random matrices

→ SOON



10 - minutes summary of Lecture 1
.

Ginibre ensemble :

X = (fig ) is N×N random  matix

⇐fij ,
In fig ) - iid MQZ ' ) random variables

* GUE random  matrix

Y= (g , ;) is NXN random  natix

Y=X+X*
[ 6in :bre

.

Our favorite  normalization : ¢ |g
.;P=

Ntt
*

wksm
.

* FEY
's

=[ 1 HIETT
tr  =

Fe  Ncz ( k )

normalized
"

noncossing 2. partition,

trace of [ k ] :{ n
,

. . . ,k }
"

PLAN FOR TODAY :  use GUE as  a  motivating
example for ( asymptotic ) freeness

.

One good example is  a good thing I



→ MS
,

Jetia 1.11
NON - COMMUTATIVE PROBABILITY JPACE -

THE KEY EXAMPLE

let Yn
,  , ,

...

,
YN

,
, be independent N×N GUE random

| ) matrices

- (we  often  ship  it )

AN
,

;

= E[

YN
,

;] polynomial ,  in Yn
, ,

AN = �1� [ YN
, , ,

. ... ] (
non . amntative ) polynomials

in Ynn
,

...

yn
: An - ¢ functional

yn ( A) := Etr A
"

each N is  a

separate  wold
"

.

the limiting object .

A= algebra  of
non - commutative polynomial )  in ( obvtact )

(D.)
variables 4

,
... ,Y ,

y ( pH . ,
... ,Y . ) ) :=nljm

.

yn ( PIYM
. ,

. . ,Yn
.

.
))

THE Limit Exists

→ NEXT PAGE !



May WE random  matrices . YI!!.EE?IiIeeFtedaYIergjom
they Hat  to  we the  ymboe  X

.
 We  hae

to  live  with  this .

Assume

Y^,
...

,Y,
a

.in#entNxNGuE

matrices
.

We proved that → [ MS
,

Set . 1. Learn .

9 ]
me

2 ( kind of ,
one has to  revisit the poof )limetr Y

;
.

. " . Y ;
.

=

N→  a

£ M [ it
; .

=  it
, , .

]
j

F- Ncz

_I={
him

,
Inn )

, µ&s say
that I RESPECTS

: -

1

the COLORING ( i
, ,

... ;ia )

almost '×
like Wick formula for

NIO ,n ) Gaussian  random/ independent
Variables

Only non
- crossing

-
pairings .



Asymptotic freeness
→ MS

,
Seton 1.10

,
Theo .cn no

✓ > o !
Of GUE random  matrices

"

NEIGHBORS DIFFERENT
'

MM if intiz
,

izti } ,
... iirntir "

ALTERNATING PRODUCT "

Tfimottrffi'

. am;).;.hn#f=o÷each factor  is centered

( at  least  in  the lint )

where

cm=limEtY
"

N→oo

*

Pn# DECLARATION . WE ACCEPT ONLY 2. PARTITIONS  of [ m .+ . . +  m ,
]

WHICH RESPECT THE COLORING  GIVEN  BY in
,

...

,  i✓ .

"

I  respect,  i
"

.

in iz

-• ••.
.

. ••• . .  • . . . .

1  2 in intn intiz
. *

color =  in color  =  iz

-In set I< .  -
.



Asymptotic freeness
→ MS

,
Seton 1.10

,
The .cn no

of GUE random  matrices
.

r > o !

Th€. if intiz
,

iztis
,

...

,
in , # ; ,

"

NEIGHBORS DIFFERENT
'

mlymottrlfi

'

. a;).;
.hn#f=o÷each factor  is centered

1 at  least  in  the lint )

where

cm=limEtY
"

N→ a

Proef DECLARATION .*WE ACCEPT ONLY 2. PARTITIONS  of [ m .+ . . +  m ,
]

-
WHICH RESPECT THE COLORING  GIVEN  BY in

,
...

,  iv.

1. = { 1
,

...

,m .
}

"

Trent ,  ;
"

.

[ z= { m.tt ,
... , m .+mz} Ej= None

. osing pair position ,

*

of
. [ mnt . . +  m . ]
:

which connect Ij  only to  itself

7 IMI *

. .  .

= fat ' # 4¥,ID
.tt#Il=

Cj.  DEA :

to  a  NC petition  of [ m
,

-1 .  -
. -1mA# g§y Ej we  associate  a  Nc

partition

inch "%×ch
, ,on

/ # TA
i  "

Connection ,  beta .

= # ( NCIYE.
. ...  . E

.
) ) =p

aaiei :

�1�
"
each county  connected  to  another  w.tn

.

"

�3� non . c. . wing . µ,
} "

aYp[aY"
+

�2� *  ⇒  "

cannot  connect  to  a  neighbor
"

again  soon



Hint :

each non
.

crossing partition
contains at least one blah

which is  an INTERVAL

{ a. att
,

...

,
b }



-

freeness .

abstract framework

*  "  "

www.naea.me

|
" III.?.FI

,
.

algebra  nth a  mnital linear Ms ] section 1.11

functional .

Suppose it
, ,Az

,
...  are  unity subalgebras .

We
say that Anti  are

freely independent
la

,
shortly

,
free ) with respect to y

if for  each rZ2

and a.
,

...

,
are A st :

• pla ;) = 0 f- .  
ie[r ]

•
a ;

 E tj ;

• jitjz , jitjs ,
... ,j . .nFjr

" e  "  "

ty(haaY
...  a.) = O |" alternating product ef

centered elements  Is

centered
"

THIS is Just A  Definition .

WHETHER IT is USEFUL or NOT

DEPENDS 0NE#MP(ES

Note to  myself :

sometimes  we  uie  indices  in
,

...

, ir

sometimes jn ,
. . . ijv

1



DEFINITION

elements yn ,

... ,y ,

e A are free if

the unital algebras which they generate  are fee
( in the above  sense )

,[
= �1� [ y . ]

,
e[ y . ]

,
...

algebra , of polynomial , !

DEFINITION

sets = A are free if

the
,

unital algebras which they generate  are fee



Asymptotic freeness

Our previous  results  on GUE random  matrices

can be  reformulated as follows :

the joint  distribution of Ynn
,

... ,YN,s
converge , for N - oo to the joint  owotibntion of

some elements yn , ... ,y ,
which are f-

Hint :  we have to  define algebra it  and

linear  units
map 4 : it - ¢

.

A  =

polynomials  in  non
. commuting variables

Y1 )
' ' .

/ YJ .

y= ?

don't  worry if y is faithful ,
ete

.

!

RECALL :

Asymptotic freeness
→ MS

,
Seton 1.10

,
Theo .cn no

of GUE random  matrices
.

"

NEIGHBORS DIFFERENT
'

MM if intiz
,

izti } ,
...

,
irntir "

ALTERNATING Product "T.es#ntrthI;.w=A=o
YN each factor  is centered

( at  lead  in  the lint )

where

cm=limEtY
"



Theorem @
any nonwmmtative polynomial in  variables yn , ya ,

... ,y✓
can be written  as  a

linear combination of a finite  number  of Nmmand , of
the form

•
a  complex  number  in ¢

•
a product  of the form v > 0 !

P.
( yi .

) pzly, ;) " . Prlyi .
)

where : • iitiz
,

izti , ,

. .
.

,
in # in

•

y ;
.

( puly ;D) =O

it  is beneficial f- have this
\ decomposition  in  an explicit form .

but  it  is not eay to find  ±
.

PROOF - soon !



Mms ]
,

Seton 1.12

Algorithmc(indntive?)pn= of @ €a#on=
→

we have to write a generic polynomial - .

( * ) p.ly , ;) p.ly ... ) . . . p.ly , , |"
 "
¥kEion"It?

in this form. SANITY CHECK :

is  r=0 oh ?

→ without loss  of generality we  may assume

iitiz ,
iiti '  '  

'  '  '

( other ; ,e ue  can retetre

polynomials pn ,
... . ,p , .

AND get  a SHORTER product ! )

→ each factor can be  written  as

pulyin
)= q( paly:)) + ( paly:D - ftp.l , ;D ) )

- -
e Cl Centered

- multiplication  is  distributive !

we  get [ summaads
.

ONE of them  is  an alternating point of
✓ factors ,

each centered
. gioF!¥IYI

.IE

THE REMAINING [ ' 1 wmmands :

ieah is  a product  of at  most  r ' 1 factor' .|aµms.bg
, ,n ,

Can  iterate this algorithm ,

Hypothesis



CONSEQUENCE

if unitd algebras An
,

tz
,

...  are free

then y is uniquely determined on An vtzv . .

by 4ft
,

I YIA
,

l
' "



Example . for @ of
 

= a
,

- plan )
-

6°  
= b. y( b)

az° =  az - place )

A.Gaz
=

[ yla .
) + a

:
][ elb )to°][ yla )+a°] =

2 2

=

ylqlylb
)

glad
+

+ yl ;)ylb )al+

- NICE : in the multiplication b)
+ y|a )b°#+

- Gnphx  numbers

+ y(g)f°at+ / THE ORDER  is not important
.

+

€y(b)y@Dt
some Thinks  CAN  60  URONG :

+ a .°ylb )al+ ←| = " b) a:a: anfftrnatwo !
THE ALGORITHM  HAS  To  BE Applied

+ ofb° y(a)+
AGAIN  For  such  term ,

we like this
t
ofb°

a

}
sum - and  not

.

REALLY INTERESTING THINGS  START To HAPPEN

FOR A PRODUCT OF 4 Factors

= 16 complicated oummands !



Example
assume

an

pastel}tu
APPLY FUNCTIONAL if

y( a

.ba
.
) = /

y([ yla .
) +

of
][ idea )+o°][

data:]
) =

=

ylqlylb
) yla

)
+

the final anne '

+

yla.ly/b)i(aD
+ zero ! is  simple ;

-
the intermediate

+y/q)y(b°)@+ Calculators  complicated .

Really intereting
+ yla.)y(b°a ?) + thins , happen to

4 factor,

t@FatgTRouBcEsoMEsuMMAND.talylb ) a :+

+

p(a°
b° yla )

)t
zero ! .tell;.ua?...I

, fine
:*"u±:

+ y( G-ela . ) ][ a. . ela . ) ] ) ylb ) =

= y( a .az ) plb )



Exercise
.

41 a
,

b.a.b.) = ?



Exercise "

freeness
 is associative

" → do # prove
-

this  remit ?

suppose unitd algebras tn
,

tz
,

A
} are free

.

prove that the algebra ,

A
,

and Algl A
. ,

A.) are free .

t.ir# "

if y . .my . are free

Hint :  reyee Theorem @ |+hhIj' !Y'sYen??



free CLT
[ Ms ]

,
Section 2. a

→ [ NS ]
,

Lecture 8

[ =Nica& Speicher

Hint :[MS ] and [ NS ] prove Both classical CLT|nY!:.fi?pYIwYaIe.YIu.emaiIkn
.

Ariail
,

. . .

freely independent
-

sequence  of independent identically distributed

anton variables

which are centered : yl a.) =y( a.) = . . .  = 0
.

which have all moments finite .

y( a ,?)=1 Normalization

an  i . .
.  +  au

5. =  =p

[ distribution of Sa  in the limit k → a ?



plsa
" ) = ¥2

,
:§ga

,

41 ainaii .  .

ain
)

Def
kernel of  i :[ n ] → [ h ] is  a

set - partition  I of [ a ] st .|
. an , g a .  g.qq.g.am. µ . . , ⇒

Claim :
 if y= ker i= kerj the

ylit ) := plain ... a ;
.

) = plan ...  a
; .

) is |→£m9!}
.

well - defined .

Hint : freeness  determines the mixed moments by
the moments of  each element

.



[ k¥ pk , )plsih ÷
TEND |falling factoid

�1� if it has a  singleton

4)
| oanrmjaenetsttms

,

then yl I )=O net  complete ?

HINT :  associativity of
freeness 6

An Az

ytH-ylxIxxihy@IxiDxd-bandtq.a
,
} are fee

= ylqad ylb )
÷

�2� if # IT { % then the summawl does  not

contribute  in the knit .

�3� enough to consider  only IT which are

PAIR . PARTITIONS
.

Hint : �1� + 20



�4� IT is crossing
? p( F) =O

.

Hint :  auoiativitg et freeness
.

I  
= . .

##
. .

p q
r s

=ENTERED

bn CENTERED

ylit )=y( high@a ,
CENTERED

bz|X;µ-.i×iri"×i# @
centre .

93
{ an ,ai ,

a > }
and |Xis+,..=f ) =0

{ b
, .bz }

(
1.

Not centered
,

but this

are free is  not  an  issue !

�5� I is  non . cruising
? yl I ) = 1

Hint : look at the  not . netted block
, Center

,

use �1�
,

repeat !



¥ .

fig
.

y( Si ) = # NG ( en ])=

;
×

"

ftp.dx
- z -

SEMICIRCULAR  LAW .

MULTIDIMENSIONAL CASE

→ [ NS ]
,

Lecture 8
, p .

125 - 131

"

like multidimensional Gaussian
distribution

,
but  in the

free setup
"


