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Free probability and random matrices
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Definition 12. In general we refer to a pair (A, @), consisting of a unital algebra
A and a unital linear functional ¢ : A — C with ¢(1) = 1, as a non-commutative
probability space. If A is a x-algebra and ¢ is a state, i.e., in addition to ¢(1) =1
also positive (which means: ¢(a*a) > 0 for all a € A), then we call (A4, @) a *-
probability space. If A is a C*-algebra and ¢ a state, (A, @) is a C*-probability
space. Elements of A are called non-commutative random variables or just random
variables.

If (A, @) is a *-probability space and ¢ (x*x) = 0 only when x = 0 we say that ¢
is faithful . If (A, @) is a non-commutative probability space, we say that ¢ is non-
degenerate if we have: ¢(yx) =0 for all y € A implies that x = 0; and @(xy) =0

for all y € A implies that x = 0. By the Cauchy-Schwarz inequality, for a state on
a x-probability space “non-degenerate” and “faithful” are equivalent. If A is a von
Neumann algebra and ¢ is a faithful normal state, i.e. continuous with respect to
the weak-* topology, (A, ) is called a W*-probability space. If ¢ is also a trace,
ie., ¢(ab) = @(ba) for all a,b € A, then it is a tracial W*-probability space. For a
tracial W*-probability space we will usually write (M, 7) instead of (A, @).
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