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classical amulets →[MS]section 1.1

• single random  variable / probability measure  on
R
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Heuristics :

"
• Cnmulants quantify violation  of the naive guess

EX
.
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"

• know the mean value ? naive genes ,
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.
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?
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→ [ Ms ]
Exercise : Section 1.2

• find mutants of the normal distribution Nl 0,1 )
no

.

±
Hint : t 2

E
e×

= Jetsrate as =

- a

linear change  of variables

=

It2
= e

log Eetx . feet

• find cnmulaat , of  multidimensional Gaussian
distribution

,

for"ieIEE¥h±iYiF
armulants measure  deviation

from Gaussian .ty
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CLASSICAL → EXAMPLE
# page

MOMENT - CMMVCANT FORMULA

E X
,

... Xn = [ t.i.tn ] Eet ' "  '  ' ttnk
=

=L tiitn ] expeogeetnkt.it# =

f- free term  = 0
nice

.

"
set - partition, to K  ordered  non . empty parts

"

=[ tit . ]§,of, D.  . . �1� =pehfaa.fi
Hint :  if in ,iz

,
.

.  are all different

[ tintii . . tie ][]=k( Xi
.

, ... ,X ... )

⇒ M k( X :
: i. b)

TEPC n )

bE=
we  may denote  it by Kit ( Xn

,
...

, Xn )

Exercise : revisit Wick formula for  moments of
multidimensional Gaussian distribution

.
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https://www.stat.berkeley.edu/~sandrine/Docs/TerrySelectedWorksSpringer/Version1/McCullagh/McCullagh.pdf

Resources which night be useful fo ,
the lecture .

only = IGNORE THIS PAGE

• Sandrine Dudoit

intending personal insight  into the wmbinatoics

behind classical mmulants

• Terrence Paul Speed
"

Cumulants and partition lattice ,

"

Australian ) .

statist ZJ ( 1983 )
,

no .

2

¥ 378-388
s .

: legendary paper
which show,

the link between

€ onnulants  and the lattices
,

Mjbin , faction ,
ete

.

w

:}
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.l44 Gnllay 9.13
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NON - CROSSING PARTITIONS
,

→ MS
,

Section 2.2

revisited
→ NS

,
Lecture 9

non - crossing partitions appeared
already in Lecture 1

( at the very end )

• non - crossing partitions of  an  ordered set

• blocks

• partial order  on NC
"

reverse  refinement
order

"

• meet A and join ✓

9 t
Hint '

.  Tv 8=7 ,In 8 = maximum  of elements which ae
take all partition biggersmaller than both I  at 2. than

 I AND 8
,Hint '

. take  intersections of all block of then  calalete their  MEET ^
.

F and 8.

JOIN in
P and NC MEET in NC and  P areare the

sane . D. Not the same .

• maximal / minimal element

oa.ioflick.FI?pI:IIYI
meet  v for

a lattice =  Unique  npenum , non .

 crossing partitions
?

unique  infirm .



DM⇐tnEnµ,
:L? are

BUT !  if T - INTERVAL partition

IT - NC - patton

THEN

TYCF
 

=  T VPF

Hint : calculating TVPT in  a few  simple steps ...

�1�

STARTING Point : partition F define,  an equivalence

f relation

.

:@
bah '  of.IE#In.t

n

. if- PASS To EQUIVALENCE1 4
^ 1 \ CLAVES OF  T

. . I
�2�

L "

cities
"

-

two  equivalence classes of T are

connected by new relation  TT if
some pair of their elements  is

connected .



-
�3� not transitive

?

\ MAKE IT TRANIINE by
\ iterative closing the TRIANGCT 's

.

\

\

\ :
each step property

"
NC

"

is preserved .

Tvp 8 is NC ✓
.



→ MS
,

Section 2.2
FREE CUMULANTS

→ NS
,

Lecture 11

info
> the classical moment - oumulant formula . .

.

WED_ECLARE

4( a .az
.

. . a.) = } Kr ( a
. ,

...

, a.)-TENC (a)

§
"

multiplicative := M K ( a ;
:

 ieb )
extension

"

GET

we like  multiplicative  extensions

so  much that  we  will define INSIGHT :

multiplicative  extension  of y this  is an  upper
-

a. we - next paoe . |gtq:L;!lj÷YgtnIE¥;
.

Gives  a DEFINITION of
Example : free cnmulants

.

Y( an ) = K (a.) Really interesting things

f)tat to happen for 4
factor .

y( an az ) = K( a
, .az ) + k( a.) K ( az )

# each free
cnnulant  is

Y ( an az a } ) = K ( an
, ac

,
as ) + .

.
.  . LINEAR uth respect

to  each of  its  arguments



MORE GENERAL SETUP Fix  an ,
...

,
an et

Y and K are now factions  on NCCN )

1 \
* ,

%(a .az
. i. a.) = [ Kr ( a

. ,
...

, a.)

*Ins"

=D
.

41 !?.a )

this  is NI a  definition ;
this  is  a COROLLARY

.

¥ However # TWISTED logic AHEAD
( 33 )

F if some function K ,t

& fulfills the system  of equations ( * )
£

convenient

t.ae/ItaEff;mkIan+isk.e9uItthe true

y
for proving an  upper

. triangular  system  of  equations

§ Leonor - Shiryaev has  a  unique  solution
.

\

:R



Mo"biu ,  inversion format '

→ [NS ] Lecture 10
.

§ if P is  a finite rout . .

| thigh:pPIauNcp!I¥
. ,

I Pl " :={ ( it ,z ) : TEZ
, of [ n ]

F
, .se P }

a-

⇒
we  are interested in the class of functions

§ from P
' "

to ¢

w

CONVOLUTIONS
:

*

:
§

• for F. 6 :P
" '

→ ¢

¥
IF  * G) ( , , , )

:= [
,

F( it ,s ) G(
s ,o )

tests

ftp.h.is?aeYpihtetTa.aa

"

£ matrix  multiplication .

W Homework :  is  it true that

¥ F*6=G*f ? ⇒ associating

*
ji
E • for f :P → e

G :P
" '

→ ¢

±
E (f *G) g) :=§gg fls ) 66,8 )
A
I



• J :P
" '

→ a

d( it ,o)= [I=o ]
is the  unit of this convolution :

F * J= J*F= F

f * or = f

• g :P
' "

→ ¢ Zeta faction

} ( I. a) =L ( f .  it c- 2)

•

µ
:P

" )
→

e
Msbiu , function is

µ
* eg = eg

*

µ
= or

the inverse  of g

a

µ
- and right - inverse ( if they exist )

|| must be  equal .

v

Hit €8 7

kt
.

+ " " ⇒ = [ to ]

|tuYe"Linton  over 3 to  show

existence  and uniqueness of tilt ,Z )



¥
z Magic fat : Mbia , fruition for NC is given by
je

-

£
s - 1

§

µls,o)=M

t ' # lb

ftp..si
§ be Z Catalan  numbe . ,

* 9
¥ # blocks  of g

any nice
, conceptual proof

?
ah ,

.ch are  sitting

£ inside 6
.

W
Back to free umlauts

F- functions  on NC ( n )

y= K * g 1[ moment ,

\ free  umlauts .

k= if * µ → @NIdetion 2.2

KG )=§g ylg ) µ( s ,s )
e

[
"

mii
"

.IT#eI.Y..n..atEieoE.EetfnIItEenoeae.n

;
7

K( an -  "

 , an )=¥ya
. ,

4g( an ...

, a.)

file
,

1
.

)



Exampkk
( a.) = plan)

K ( an .ae ) = cela
. .az ) -

y 1 a.) yk . )

k ( an
, an a.) = if ( an ,

a . ,
as ) -

t

y (a.) plazas )
- if |a< ) 4 ( a

.
a , )

- y / a , ) yla ,
a . )

+ 2 yla . ) yla . ) yla , )



"

what free anmulants

Free cnmulants and freeness are good for?
"

and FANTAST
→ [ Ms ] Section 2.2

,
Thu 16

important → [ NS ] Lecture 11

theorem
Theorem 11.16

#A
, ,Az

,
...

et
are free

( =  unital algebra ,  which they generate  are fee )
if and only if

"

oil mixed cnmulants vanish
"

,

i.e.

k ( ×
. ,

...

, xD =O whenever xue Ai
a

FANTASTIC !
NO assumption that  neighbors and in

,
...

,
in are  not all

different
equal .

NO  assumption  on  centeredness
.

enough to take

generators . this characterization of freeness
| convenient Than

"

vanishing of

"

stayed on

alternating
product

 of centered elements
"

¥fI¥ocheck freeness ? enough to  verify on

generators
"

.

PROOF PART  ⇒
→ LATER ! | far setaegeeaaigygnyufgyeytahe,

the whole unita



TOWARDS  THE  PROOF

→ [ MS ] Season 2.2
.

Proposition 1J
.Theorem

.

µ r > 2 !
and aj  E ¢ for  some e

'

THEN

Klang
,

. .

,
a.) = 0

.

f.
remove  singleton  i

P¥
'

use tick (B) Ktla . ,
... ,a%. . . ) '

ai

Ti is  a

Him k% : = |s¥ "  'T

L 0 otherwise
.

the  usual

? %E7.BE ✓
g. ,

teen .
'

So It = KE gives fee  armlets
.

D



TOWARDS  THE  PROOF

→ [ Ms ] section 2.2 Than 13
.

LEONOV - SHIRYAEV - Krawczyk - SPEICHER

"
how to  calculate umlaut of

product ,

" ?

theorem an
,

...

, an et
,

T is an  

intend
K( itfai :

bet
) =

Pate

-/ = 2 Kz ( a
. ,

...

, an )
cumulant  of z : Ndn )

products 8 ✓I =D, /
usual free amulets .

Emmy
t =D:!

'

MTK ( ab
, c) = kl a. b. c) •  •  •

+ Kla ) k( b. a )
b M

+ k( b) k( a. c)
A



Pdf . use (B.)
fDEemt0N

7

KI : =) Ko ( a
. ,

...

, a.)

|
It'÷÷/- usual free amulets .

NC Patton  of
& IT are NC partition,  of

{ 1
,

...

,#T}=4 , ... ,n }
? - -

= blocks  of  T

-
|%=?aK

.

Passage from T to I : → Proof

next page
replace  each block of  T by its  entries .

" PARTITION  OF  COUNTRIES

l→ PARTITION  OF  Cities
"

Example- A  2

for c- =;7!
two choices :

n 2

a) IT
 

=p .
I = 17 1

M |
^  2  3

r  2 )

A L

b) T= Mr I =MT

M 1

^  2  3

^  2
)



µ ,
'T - partition ,  of { 1

,
...

,
# T }

✓
F

,
8 -

patton et { n . .

, ,n
}

tl÷I¥I÷⇒
:"8✓T=F

w

ifo¢µ^the .

= ¥g§¥¥%

" " T #  "  "  "  " }-
. [

gqgg
if 8<_ Fthen

such IT is  unique

I :  = b✓T|
gene element

, of T .

" TURN  PARTITION OF  CITIES

TO A PARTITION  of  countries
"



"

what free anmulants

Free cnmulants and freeness are good for?
9

and FANTAST
→ [ Ms ] Section 2.2

,
Thin 16

important → [ NS ] Lecture 11

theorem
Theorem 11.16

RECOMMENDED#A
, ,Az

,
...

e it
are free

( =  unital algebra ,  which they generate  are fee )
if and only if

"

oil mixed cnmulants vanish
"

,

i.e.

k ( ×
. ,

... ,xn)=O whenever xue Ai
a

and in
,

...
,

in are  not all

equal .

→ PROOF
. . .



PIG
PART ⇐

"

if  mixed amulets involving

0 in . . * at

/ | MEITEI

.FI?ien+.u..hK(ixn...,xn)=O

whenever xae Ai
a

and in
,

...
,

in are  not all

equal .

#
tin :=

Klixn ... ,×n)=O whenever xae Alg (1
,

A ;a )

and in
,

...
,

in are  not all

equal .

HINT :

@ free cumulates  involving Cl are ZERO
.Use →

@ [ co no ,  
- jhiryaeu - Krauth - 5M¥

xuetia
�2� alternating product  of centered random  variables

ylxnx .
. - . xn)=[K.tk/......x.)=0BECAUSE

...

ieaaunncnepajtdto;contains  a  block  which  is IENC ( n ) -
/ t -

• alternating ⇒
• centered ⇒ singletons

• mixed cnmulants  vanish ⇒

forbidden I respect ,  i no  connections to

neighbors



proof [ Ns ] Thin
.

1116
.

PART  ⇒

K( an .ae ,
...

,
a.) €0

• if  an ,
...

, an centered and alternating

-

Klan . . . ,an)= 2¥ Hit ,
An ) if ,t

( an ... ,a . )
÷ Hint : the  minimal  block

• if  an ,
...

, an centered and alternating

Hint :  K ( ... ,1 ,
... ) =O

• if  an ,
. -

, an alternating
in ,iz

,

... .in  not all equal

Hint :  T :=  interval partition lNDUCTioNOvERn=
a< b are  connected by T if

ia=iau= . . .=  ib

Leonard Shivyaev

O= KIM a
; : bet ) = K ( a

...
... ,an)+

i.  b

[
alternating p.o.int + ( remaining terms )

÷
y

inductive

hypothesis



products of fee  random variable , → [ Ms ] section 2.3
.

&
kveweras  complement

if { a
...

... ,a .
} and {b

. ,
... ,b .

} are fee ... Ia

- m
ylanbnazbi . .  .

a. b.) = ¥y
. .

,k,
( an.by. ... ,a ..by ) =

TB

÷a↳nc
, . ,

Kita ( an . ' '  ' ia . ) [ Kit
,

( b
. ,

... ,b . )

TBENCI . )

# Ta  UI
,  is

non - c. osiing

/ = Pkhta )
I bn

,
... ,b . )

TA - partition  on 1
, ,

2
,

3

IB - partition  on T
,

IJ
,

.

Wow : there  exists  a MAXIMAL non . using partition  I
,

such that

ITA  UFB is  non - crossing .

We call it Keue .a ,  complement of  FA K ( IA )



→ [ MN ]
,

set . 2.4
.

Funtiond relation

fix a  c- A

Mk )= tt §
,

y( a

" ) 2

"

#power  series

( (2) =L + ¥y

Klages
) 2

"

Three
M ( z ) = C ( 214 (d)

ff
; .+ end  of  it

Proof coefficient at  2
"

:

MM
[ 2

" ] Mk ) =p ( a

" ) :[ K ,
= • •  •  • • •  • • .

FENCL )
I T T Y

- -

=L ?I→°
SZ 1 Stint .  +  is  =  n

[ number  of elements  in  the

first  block

7

Ks ' 2
,

KI
,

. .  . .  .  .

French ;)

÷in )



- -

=E" ] 2 ?÷m
s } 1 Stint . +  is  =  n

[
nmfbiejotaeha.  in  the

Ks (22"Z ,

K
. ) ( 22

"
. - .

. ) .
.

.

FneN÷
2. z

't y( a
" )

-
s factor,

=[z " ] C ( z Mk ) )


