
Piotr Śniady

IMPAN lectures 2017/2018

Free probability and random matrices

Lecture 5. December 20, 2017. 
Weingarten calculus. 



Quick
reminder

from November 22

okN N

c#o¢ =(d)
k copies

(Suacts by permuting the

facto ,

�1� [ Sn ] - End( en )*
the

group algebra of
th

% " M " "  "

P |%" " " " M " " M
9 % " '

can be  viewed  as  a for best  results N > k

subalgebrat '

* for  a PRECISE statement

→ Previous  LECTURE .



Quick
fantastic linear  map

reminder
e- 22

M :

Ena@YY-E.ifcnj.e

]

17 : X - |
,
.lu...  .a) xleio...  • u

"

) du

on elementary tenor ,
:

M : A
,

a...  a Aa -
few ,@A.d) a ...  • (

uaau
" ) du

IataticinpkftM: End @NP
"

- e[ Su ]

is  an  

0-4
projection

Hint : you  need to know

how to  view End (E)
° "

as  a

space  with a  scale  product .



Flashback from linear algebra

W

✓ - linear  space  cith

basis V.
,

02
,

. . -

, Vd

€4117 µ ,y . .ua#...........a...+... .

✓
if < one; > ¢R

orthogonal projection

-

M✓ w
= L C

;g
.

( a ; ,w > qg. PV
"

is  named to  0

ij
�3�

restriction to V

Eid ?

/ E=¢vi. o ; > ]
,

°IEt?×
.

And @ :

Mr#roDut="Arl

On - Ty, Cij < vi. on > 0
; ✓

Mok !

.
? [
jek

] ✓

ftia:p:b'II.am?tIgas
happen

.



Quick
reminder

Scalar product  on
e-

End EN = { f : en - on }
LINEAR  MAPJ

g-
Hermitian  conjugation

ef , g > :=Tr f*g =

End

⇒ ( f ei , ge ;
>

a

i



Hou the basis of End (�1�NP
"

is  related to[ The basis
?

of e[ Sn ] ?

<

eg
,

0

?
,

= .§ < eio 's ;des
;

>
← you

"

matrix  unit
"

= Ee ;
,

6g , > = [ j=s
'

o
' ] =

¢wy°s

Su acts  on

{ ( in
,

... ,iu ) :  in . ;iae[ n ] }
= [ in = I }→(m , ]

by party fans .

= [ i 'm = in
. , ]

2 I
,

3?,=§
,

< Fe
; , 29 ; >

← you
=

= § [ it's ;] = § [ o
' 'Ij=j]=

µ
# o 't



bfeingatenformlell

;

- (
¥ NEXT  page

|u
µ ,

Uinjn ' . .
'

ejaMIP .  i. Miiji =

g-
flaihbach from linear algebra=<em, ,Ieee:= { eio ' ,¥gsaWg±,

< Few > 3) =

.

the pojection formula1=72,
[i=8i ' ] [ EID

' ]

Wg@
I ,8eSn

=Wg .
. n

→ NEXT  PAGE .

Weingarten faction =
"

inverse  of Gramm  matrix
"

wgI[Go > ] =fN#"→ ]
Tisesu Fees

.



Quick
reminder

on elementary tenors :

.
, 22

M : A
,

#...  a Aa - § ,@A.ago . :@ (uaau
" ) du

< eo

;
, ,

M

egg
.

,
> =

= ) Ceo.

; ,
,

U e
; . ;

,
u* a .  . . > =

U ( w )

= ) Ui .js
° .

' (U* ),, i.
.  =

Uln )

= |uµ
,

Uinjn . .
" U,;# .  -

.
.



Weingarten function and ¢[ Sn ] "

left - regular  reputation
"

operator  on ¢[ Su ] of  multiplication
from the left by

:↳
.

N'
*

it

÷Sa ]

Q : what  is  its MATRIX

in the basis ( 2 : sees
. ) ?

A :  -

# To
-1

L N }
... .

"

iii.:I::+→
multiply by TJ

'  ' '

Conclusion :

↳W€a)
is the Matrix

ofgt.h.e.0gPERAT0Rfonit.ononSaxSnt@2.N

"
it )" = ?¥

. @
it ee[ Su ]

inverse  in the  bonnet .c  gap abet - a

Wg , ,z
= Wgitz . '  NH one

Aeouygjnctessisary

PROBLEM : information about Wg ?



Fix  integer 431 .

For  each Te Su

Wg
,

 is a RATIONAL Function in N

This  calculation  is

Toy example . |k=2] legal only for N32 !

(want. #iij '=n÷k
'

El

NZ 1

- =
-

WG f) ( z )

=

N2( N . a) ( Nt . ) ( Nt1) ( N't )
infecting
denominators !

1

Wga
, . ,

=  -

N-
= -

-

NZ ( Nu ) ( Neh (N .a) N ( N:ufwyunl
"

du =) una " # I=s¥ .

"

igwmma
... . )=L

Wgun. ,
+2 Wga . ,

=

g
magic  cancellation f- N=1

.

2N - 2 2

= - = -

@- a ) Y( Nu ) N ( Ntn )

. this formula gives  a  correct  value for  N > 1

@y5Wi°
"

But  the poof  DOES  not work for  N=1 ?



tsynptt.ae#gtnft. .

algebra for today :

A={"I4fi Tfit : f. e

Cleft
] }

formal power  series  in

£2
Yes

,
it  is  an algebra ! $

(fit ,tFF) (g , ¥ , 2) =

= fit go Fili ' Ft T '

¥n¥ENTR , AN 6 ( E  INEQUALITY .

1¥ N'
*

it  = N
"

,,§yn¥ 't

÷ 1

¥wg .  
. it

 = Ni h|,,§yfit it ]
÷A

Conclusion
.

wg ,
= o( nl#, ) Edina:L:t

exists ?

→  NEXT  PAGE .



Ideal

T.tt?2af.ti,tF2T:fteCEn

]}
|

Yes
,

it's  an  ideal
.

SAME PROOF As $

ynfint  order  ayaptotics
"

p
.

At ± { 2 fit : f.

eat
}d

Tesu

=

symmetric gap algebra E[ Su ] WITH A NEW Product

it • z = {

T2iflIel-htFOifIIolClIltl2l@2sintFiiflElws.n
"

) # ) = 1 ftmgt
"

:¥'fifty; . ,

1 ' (f.want" ) = 1

= [8=io ' ]

what  does  it tell if
6£ NC wneyond , to  a

equality in

Noncrossinb partition ? ¢[ Su ]&



Mo"biu ,  inversion format '

→ [NS ] Lecture 10
.

if P is  a finite poet . . . | think : P=Nc( n )

Pl " :={ ( it ,z ) : If 8
,

I
,

8 e P }

we  are interested in the class of functions
from P

' "
to ¢

CONVOLUTIONS
:

€ • for F. 6 :P
" '

→ ¢

e.
IF  * G) ( , , , )

:= [
,

Flit
,s ) Gls ,o )NIES-< 8

: • for f :P → e

§ G :P
" '

→ �1�

¥v

q
(f*G)o ) :  = ¥

,

fls ) 66,8 )



• J :P
" '

→ a

d( it ,o)= [I=o ]
is the  unit of this convolution :

F * J= J*F= F

f * or = f

• g :P
' "

→ ¢ Zeta faction

} ( I. a) =L ( f .  it c- 2)

•

µ
:P

" )
→

e
Msbiu , function is

µ
* eg = eg

*

µ
= or

the inverse  of g

a

µ
- and right - inverse ( if they exist )

|| must be  equal .

v

Hit €8 7

kt
.

+ " " ⇒ = [ to ]

|tuYe"Linton  over 3 to  show

existence  and uniqueness of tilt ,Z )



→ Lecture 3

f- non .

crossing partition " Miibius  inversion formula
"

Ou=e =

÷¥FIy;
. ,

(n¥" "

in
"

") 1 www.
.*

 ✓ er  non . a.  " ing

F( Tz ) := } (Tz
,

2)patent
= [ said ]

1

F  * } =Jfa,
• )

F  = F  * eg * Moeb = Moet ( a. • )onfig@go.Nh
" " ) = Moeblon

,
a) =

= M f.)
KH[ Keanu . )

Icl -1

CEZcycles  of 8

Icl = length of  a. let

Wg , .tn#@eb,o...,tO( ⇒ = houma
, elements  are

penitent .



W_tenfdnnsaqndngf.to# ?

Exercise

7 IH
2 × it  = (

ttx
] . ) (

ttx
] .

) . :(

ttxje
)

Iesq

Jugs - Mu.ph
,

elements e E[ Sa ]

1=0

]z= ( 1. 2)

]= (1,21+11,3)

:] = (A
,

;) +12
, ;) . . .  + ( in

,
:)



IGWE't - (Nk }? # it )" =

=Nh ( ttf ]
.
)" IAFIJ .

. ( tiff )" =

=Nh ( TF )
.

+ f. 12 . ... ) ... / :L;"iI
, ...

for /N| > 1<-1

( A - f) a
+ µ÷ ) } -

. .
- ) information  about the

poles  of Wg ( N)

news .

= .§
.

th# than:p
.

?ta
.ie?.Y3fnT

.

I b. fbz E. . . . Es ;

Ni



T_rtanf.gg
]

|G=Sa

"

if  you  want to  invert  a  matrix
. . .

|
. .

.
better  it be  a 1×1 matrix

"

£
g-

by abstract  nonsense . Concretely . . .

*=
our beloved commutative algebra : ZlC[ G ] = ¢ -0 . .

.  ⇒ ¢

e -
0 ALGEBRA ISOMORPHISM ]

indexed by £ =
 irreducible

f representation  of G

:
Z¢[G] → f - F e FEE]

complex functions  on
£

hou this  uorh ,
: from left to  right :

in .tt#I.EIIIt to

÷
net  multiple of  id natix

to  a  coiplex  number
"

= NORMALIZED  TRACE



from  right to left

214Gt ? i - ( o
,

... ,o
,

to , ...  a) =

=L
i§

"

f.  "
+ ty ...

"

/ "

⇐
, (8)

E ¥
.

Is
"

# it

1-¥ (

91-2
Is " # trashing =: 

a .+ ."÷f÷?%,
its'II )

so
. .

.

1.I.2TrshfhjtrFk@P-iiYI9It1.a
. ,

"

1- ( 0
,

... ,o
,

1,0 , ...  o ) =

=D,



Sohn
.  

. Weyl duality :

King
.

= @vi. •Vii .

µ + K}eaten
DIMENSION  =

. .
.

e ,

= Sµ(1N) = Schur polynomial
= Set€1 )

N

times
= # Ss4T(µ ,

N )
"

semi  standard Young tableaux  with

shape µ  a

;g
entries  in { 1,2,

. . ,N }

Iii.ie#F*hl6stsEg?eains

"hook length
"

=
" 4004 - content formula

"

y
x .

y  =  "

content  of It
"

Foth 17¥- D= (x. g) e
µ

HD

h
, ]=6



Sohn
.  

. Weal duality :

King
.

= @

vi.
•

VE .

µ + K
-

µ"tkNdime " ...  .gayrepresentations  of 54
' Grpaiehaade

. ,

:[N
# 't

I
 = [sµ(in )IT ) . it

T

-

µ

Fitts ( s - s.lv) thin )( * )
-

to ⇒ em > v

as

the inverse  is  easy . .
.

ZWG . "
- net ( I - English)

IT



the inverse  is  easy . .
.

I2wgeitnEtstfsi-gYmYjf.T.2TrtHktrFk@PihiIoY.Itaf.a

. ,
.

1- ( 0
,

. . .

,

0
,

1,0 , ...  o ) =

=D,

SO
. i .

Wg ,
= § Trim Trs%b.Is'h=

San ) k ! k !

= ,z Hric Is 't . )
( k ! )

'

s
, a

" )



SO
. i .

wg ,
= 1,72Hilal Issa )

(k ! )
'

s
, a

" )
→ Collins

,
MRN 2003

.

Example k=2
.

not KY convenient for  asymptotic . N →  a

Wgan,

= 2¥ [ ¥1. 1 +¥1 . 1]=⇒ F

= ÷ www.H.in# ✓

Wga
. ,

= at [ IF. It!÷÷ th]=⇒ F

÷
IN-11 -Ntt

=

^- ✓=  

#-)
-

(N - ^ ) N ( Nu )

magic  cancellation



Smalldimen.io#e
�1� [ Se ]= |-O End

yp
sided

in e[ s
. ]

At k

this  is the -
¢[ Su ]µ '

 
.

= @ EndVs?right algebra to It k

calculate Wg N¥ e (3) 1 N

Idea : Weingarten calculus  wohs (usually ) fine  if|
instead of Q[Su]# we  work uthQ[Sa÷

things  not  invertible in Cl[ Su ] might be invertible in

�1� [sa]n
Fourier transform

2¢[ Sa ] = ¢ o . . .  • do . . ...  • e

Ze[ s . ]n = ¢ to .  - to IC . #.#¢



Schur - Weyl duality , for  snail N

(onFi@vsn.vI.n,

7tk

lb ) EN

|E[
Su ]n acts here  in  afenway.

*

�1� [ sin - End (E)
is  an  embedding ( NO CHEATING  HERE )

{ Hou to compute or

M - orthogonal pnjeton from End @" )
z

to E[ Su ]n °

D the linear algebra f. projetion  doesn't  work :

permutations  viewed as element , ef End k¥4
ARE LINEARLY DEPENDENT

ZNK !



{ Hou to compute oh

M - orthogonal pnjeton from End @" )
7

to E[Su]n °

@ k

@ STARTING Point : we End €N )

@ IESU do  not from  a
basis  of 1C[ Sa ]n but  we

don't  care
. .

.

information about scale products ( I
,

0 ) encoded as
...

I↳ < Tire > F e

¢[s# lack]w

t%
information  is  sufficient for calculating MU /

Hint :
 if o= lid )

I.ES#iasrI?.&w*./%deyoeiejEfsai.

Fourier trap .
→ ( * )



in the restricted setup .
. .

7�1� [ Su ] 70 -

,¥g
.

( I
,

V > IT
view  as element  of

rieweden.gs#dgat
 in e[su]µ

. .
.
and sometimes 7 IZ

' '

views;geku+ot
8 - 2

,

N
#

it =

Ie Su

=

(72
N#mto ) zI÷

Multiplication far the left by ,§g N# I

the Inverse  exists in E[Sµ 1C [ Su ] ,✓
and is  equal to

...

*%g,
= tZ[TritnI t.sc . )

( k ! )
'

s ,a
" )9th

CHEN
| inverse  in e[su]n !

.

|u,µ
,

Uinjn ' . .
'

MiejaMIP .  -
. niiji =

NEW
!

=I¥
. ,

[i=8i ' ] [ EID
" ]Wynn



Example €17 k=2

wgiiii
,

= ⇒

[.¥x
. I ] =÷

_÷

www.iaf.IE] = ÷

DI

flu.
i = fun a .

I .  
= 2

WGIY
. ,

+2

wgiii
,

= 1

✓ oa
.



Amazingly strange

|uµ
,

Uinjn ' .
"

Miejanip .  -
. MI =

7 OLD

= him ¥
.
,a[i=8i

' ] [ *its
" ]

wg.tn
Nl → N rational function  in  N

'

= : does  not  matter  if 0

#w
a

Hint : Fouieolzanifam

[ id ] ( ¥,
[ jj=Ijj ] # ( ¥ Wg ,

v ] ×
' cannon ' ' ' em

- Kimono ]e �1� [ Su ]n

÷in



Integration  over  other classical groups
?

→ the sympleetic group

* the orthogonal group
*

Hint :
 use Schur - Weyl duality

RN o ...  or
"

O( N) acts I

symmeticgnpalgebraon each factor Brauer  algebra
separately


