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motivations for Jack characters:
I Jack polynomials,

I deformation of characters of the symmetric groups Sn,

I amazing combinatorial conjectures
related to −→ maps,

I extra deformation parameter α,
new scaling and universality for random matrices,
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characters of the symmetric group Sn:

χ
(1)
λ (π) :=

Tr ρλ(π)

Tr ρλ(Id)

Ch(1)π (λ) :=


|λ|·(|λ|−1) · · · (|λ|−|π|+1)︸ ︷︷ ︸

|π| factors

χ
(1)
λ (π) if |π|≤ |λ|

0 otherwise

−→Kerov & Olshanski
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Jack characters:

J
(α)
λ =

∑
π

χ
(α)
λ (π) pπ

n!

zπ

Ch(α)π (λ) =

α−
|π|−`(π)

2 |λ|·(|λ|−1) · · · (|λ|−|π|+1)︸ ︷︷ ︸
|π| factors

χ
(α)
λ (π, 1, 1, . . . , 1)

if |π|≤ |λ|

−→Lassalle; Doª¦ga & Féray
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Ch1(λ) =
∑
i

λi ,

Ch2(λ) =
√
α
∑
i

(
λ2i − λi

)
− 1√

α

∑
i<j

2λj

polynomials in λ1, λ2, . . .
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Ch2(λ) =
√
α
∑
i

(
x2i −

(
−i
α

)2
)

+(
−
√
α +

2√
α

)∑
i

(
xi −

(
−i
α

))

where xi = λi − i
α

symmetric polynomials in x1, x2, . . . proof −→Lassalle

−→ algebra of α-polynomial functions of Kerov & Olshanski



Jack characters . . . are unique conjectures maps taxonomy of edges top-twisted maps

for each π and each α > 0 −→Féray
Chπ(λ1, λ2, . . . ) is the unique polynomial such that:

I Chπ
(
x1 + 1

α , x2 + 2
α , . . .

)
is symmetric in x1, x2, . . . ;

I polynomial Chπ(λ1, λ2, . . . ) is of degree |π|;
its top-degree homogeneous part is equal to

α
|π|−`(π)

2 pπ;

I for all partitions λ = (λ1, λ2, . . . ) such that |λ|< |π|

Chπ(λ1, λ2, . . . ) = 0

if we view α as indeterminate,

I for each Young diagram λ

Chπ(λ) ∈ Q
[√

α, 1√
α

]
is a Laurent polynomial

of degree (at most) |π|−`(π)
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structure coe�cients for Jack characters:

Ch2 Ch2 = 2δ Ch2 +2Ch1,1 +4Ch3 +Ch2,2,

Ch3 Ch2 = 6δ Ch3 +Ch3,2 +6Ch2,1 +6Ch4,

Ch3 Ch3 = (6δ2 + 3)Ch3 +9δ Ch2,1 +18δ Ch4 +3Ch1,1,1 +

+ 9Ch3,1 +9Ch2,2 +9Ch5 +Ch3,3,

Ch2,2 Ch2 = 4δ Ch2,2 +8Ch4 +4Ch2,1,1 +8Ch3,2 +Ch2,2,2

δ =
√
α− 1√

α

more conjectures −→�niady arXiv:1603.04268;
partial results −→Burchardt

arXiv:1603.04268
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−
√
αp11√

α
q1

−
√
αp2

1√
α
q2

−Ch

top

3 = p31q1 + 3p21q
2
1 + p1q

3
1 + 3p21p2q2 + 3p1p

2
2q2

+ p32q2 + 3p1p2q1q2 + 3p1p2q
2
2 + 3p22q

2
2 + p2q

3
2

+ 3p21q1γ + 3p1q
2
1γ + 6p1p2q2γ + 3p22q2γ

+ 3p2q
2
2γ + 2p1q1γ

2 + 2p2q2γ
2 + p1q1 + p2q2

γ = −
√
α +

1√
α

see also −→ Kerov polynomials



Jack characters . . . are unique conjectures maps taxonomy of edges top-twisted maps

−
√
αp11√
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Chπ =?
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embeddings of a graph to a Young diagram

Π

Σ

W

V

2

1

3
Σ

Π W

V

13

2

NG (λ) =
√
α
|blue vertices|

(
− 1√

α

)|red vertices|
#embeddings of G to λ

Problem

�nd some nice family of such that

Chπ(λ) =
∑
G

cG NG (λ)
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today: all maps are bicolored (red and blue vertices)

map on a sphere
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we require that if we cut the surface along the edges
the surface breaks into a number of faces (=polygons)
. . . . . . . . . . . . . .! . . . . . . . . . . . . . ." . . . . . . . . . . . . . .

#
. . . . . . . . . . . . . .

a map with three faces

one 2 · 1-gon, one 2 · 1-gon,
one 2 · 1-gon, so
face-type (1, 1, 1)
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map on a torus,
with one face

. . .! . . ." . . .
#

. . .
one 2 · 3-gon, so
face-type (3)
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conjecture

there exists some nice family of coe�cients monM ∈ Q[γ]
such that

Chπ(λ) =
∑
M

monM NM(λ),

where the sum runs over maps M with face-type π

hint from Goulden & Jackson:
how (non)orientable is the map M?
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for an edge E of a map M. . .

remove the edge E ;
what happens to the number of faces of M \ E?
we say that E is:

border,
if #faces(M \ E ) = #faces(M)− 1;

twisted,
if #faces(M \ E ) = #faces(M);

handle,
if #faces(M \ E ) = #faces(M) + 1;
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border

(bad)

factor :=
1
2

twisted

(nice)

factor := γ

handle

(very nice)

factor := 1
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how non-orientable is your map?

1 choose random order of the edges!

2 take the �rst edge;
is it twisted / border / handle?
calculate the corresponding factor!

3 remove this edge,
4 take the next edge, repeat,

all edges removed? multiply all factors!

take the mean value of the product

this is the measure of non-orientability mon(M) of a map M
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conjecture

Chπ(λ) =
∑
M

monM NM(λ),

where the sum runs over maps M with face-type π

good news

Chtopπ (λ) =
∑
M

(top-degree part in γ)monM NM(λ),

where the sum runs over maps M with face-type π

−Ch

top

3 = p31q1 + 3p21q
2
1 + p1q

3
1 + 3p21p2q2 + 3p1p

2
2q2

+ p32q2 + 3p1p2q1q2 + 3p1p2q
2
2 + 3p22q

2
2 + p2q

3
2

+ 3p21q1γ + 3p1q
2
1γ + 6p1p2q2γ + 3p22q2γ

+ 3p2q
2
2γ + 2p1q1γ

2 + 2p2q2γ
2 + p1q1 + p2q2
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new scaling:

degree of a map = (number of vertices) + (exponent of γ)

main contribution from maps (with an order on egdes) such that
(a) during the edge removal there are no border edges ⇐⇒
(b) during the edge removal each connected component = one face

such maps are called top-twisted

there is a bijection between:

pairs (M,≺), where
M is a non-oriented, rooted map with n edges, one face;
≺ is an order on the edges which makes M top-twisted;

pairs (M,≺), where
M is an oriented, rooted map with n edges,
arbitrary number of faces;
≺ an arbitrary order on the edges of M;
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←→

there is a bijection between:

pairs (M,≺), where
M is a non-oriented, rooted map with n edges, one face;
≺ is an order on the edges which makes M top-twisted;

pairs (M,≺), where
M is an oriented, rooted map with n edges,
arbitrary number of faces;
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Chtopn (λ) =∑
non-oriented map M
with face-type (n)

(top-degree part in γ)monM NM(λ) =

∑
oriented map M
with n edges

γn+1−|vertices| NM(λ)

proof: abstract characterization of Jack characters
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for each π and each α > 0
Chπ(λ1, λ2, . . . ) is the unique polynomial such that:

I Chπ
(
x1 + 1

α , x2 + 2
α , . . .

)
is symmetric in x1, x2, . . . ;

I polynomial Chπ(λ1, λ2, . . . ) is of degree |π|;
its top-degree homogeneous part is equal to

α
|π|−`(π)

2 pπ;

I for all partitions λ = (λ1, λ2, . . . ) such that |λ|< |π|

Chπ(λ1, λ2, . . . ) = 0

if we view α as indeterminate,

I for each Young diagram λ

Chπ(λ) ∈ Q
[√

α, 1√
α

]
is a Laurent polynomial

of degree (at most) |π|−`(π)
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open problem

Chπ(λ) =
∑
M

cM Nm(λ);

cM =?
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Piotr �niady
Top degree of Jack characters and enumeration of maps
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Ch1 = R2︸︷︷︸
Ch

top
1

,

Ch2 = R3 + R2γ︸ ︷︷ ︸
Ch

top
2

,

Ch3 = R4 + 3R3γ + 2R2γ
2︸ ︷︷ ︸

Ch
top
3

+R2,

Ch4 = R5 + 6R4γ + R2
2γ + 11R3γ

2 + 6R2γ
3︸ ︷︷ ︸

Ch
top
4

+5R3 + 7R2γ.
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αt
∂

∂t
log

(∑
λ

Jλ(x) Jλ(y) Jλ(z) t |λ|

〈Jλ, Jλ〉α

)
=

∑
n≥1

tn

 ∑
µ,ν,τ`n

hτµ,ν(α− 1) pµ(x) pν(y) pτ (z)


conjecture [Goulden & Jackson 1996]

there exists a function η such that

hτµ,ν(β) =
∑
M

βη(M)

where the summation runs over connected, rooted maps
with face-type τ ,
blue vertex distribution µ, and red vertex distribution ν,
and η(M) ∈ {0, 1, 2, . . . }
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