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Representations of S,

Our favorite group today is the symmetric group S,.
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Representations of S,

Our favorite group today is the symmetric group S,.

Representation of S, is a homomorphism p : S, — End(V'), where
V is a finite-dimensional (complex) vector space.

Representation is irreducible if V' has no invariant subspaces.

Irreducible representations of S, are indexed by Young diagrams
with n boxes.
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Representations of S,

Our favorite group today is the symmetric group S,.

Representation of S, is a homomorphism p : S, — End(V'), where
V is a finite-dimensional (complex) vector space.

Representation is irreducible if V' has no invariant subspaces.

Irreducible representations of S, are indexed by Young diagrams
with n boxes.

What happens with representations of S, when n — o0?
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Introduction Characters
Motivations
Roichman'’s inequality

Characters of symmetric groups

For a Young diagram \ and irreducible representation p* we define
the character x* : S, — R by

XA(F) =tr P’\(F) form e S,.
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Characters of symmetric groups

For a Young diagram \ and irreducible representation p* we define
the character x* : S, — R by

Tr pM(7)
MY — pp Ay — PP
X(m) =trpt(w) = Tr (o) for m € S,.
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Characters of symmetric groups

For a Young diagram \ and irreducible representation p* we define
the character x* : S, — R by

Tr pM(7)
MY — pp Ay — PP
X(m) =trpt(w) = Tr (o) for m € S,.

A lot of questions concerning (representations of) S, can be
reduced to questions on characters.
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Characters of symmetric groups

For a Young diagram \ and irreducible representation p* we define
the character x* : S, — R by

Tr pM(7)
MY — pp Ay — PP
X(m) =trpt(w) = Tr (o) for m € S,.

A lot of questions concerning (representations of) S, can be
reduced to questions on characters.

Main problem: asymptotics of characters of S,, when n — oc.
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Motivation 1: non-commutative Fourier transform. ..

If f € C[S,] we define a function 7 on Young diagrams with n
boxes:
F(\) = p*(f) € End(Vy).
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Motivation 1: non-commutative Fourier transform. ..

If f € C[S,] we define a function 7 on Young diagrams with n
boxes:
F(\) = p*(f) € End(Vy).

—

Analogue of Fourier transform because f x g = f - g.
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Motivation 1: non-commutative Fourier transform. ..

If f € C[S,] we define a function 7 on Young diagrams with n
boxes:
F(\) = p*(f) € End(Vy).

Analogue of Fourier transform because f/»?g =7 - g.

If f(7) depends only on the conjugacy class of 7 then

FO) =) = Y F) () 1d.

’TI'GSn
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Motivation 1: non-commutative Fourier transform. ..

If f € C[S,] we define a function 7 on Young diagrams with n
boxes:
F(\) = p*(f) € End(Vy).

Analogue of Fourier transform because f/»?g =7 - g.

If f(7) depends only on the conjugacy class of 7 then

FO) =) = Y F) () 1d.

’TI'GSn

Non-commutative Fourier transform depends on characters.
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Motivation 1: non-commutative Fourier transform. ..
...and card shuffling

Let 71,75, -+ € S, be random permutations.
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Motivation 1: non-commutative Fourier transform. ..
...and card shuffling

Let 71,75, -+ € S, be random permutations.

What is the minimal value of k such that the distribution 71 - - - g
is ‘almost’ uniform on S,?
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Motivation 1: non-commutative Fourier transform. ..
...and card shuffling

Let 71,75, -+ € S, be random permutations.

What is the minimal value of k such that the distribution 71 - - - g
is ‘almost’ uniform on 5,7 Asymptotically, when n — 007
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Motivation 1: non-commutative Fourier transform. ..
...and card shuffling

Let 71,75, -+ € S, be random permutations.
What is the minimal value of k such that the distribution 71 - - - g
is ‘almost’ uniform on 5,7 Asymptotically, when n — 007

Diaconis & Shahshahani: speed of convergence of 7y - - - g to the
uniform distribution depends on the asymptotics of characters

XA ().
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Motivation 1: non-commutative Fourier transform. ..
...and card shuffling

Let 71,75, -+ € S, be random permutations.
What is the minimal value of k such that the distribution 71 - - - g
is ‘almost’ uniform on 5,7 Asymptotically, when n — 007

Diaconis & Shahshahani: speed of convergence of 7y - - - g to the
uniform distribution depends on the asymptotics of characters

XA ().

Proof: use non-commutative Fourier transform.
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Motivation 2: quantum computers

Cryptography: can we find problems which are hard for classical
and quantum computers?
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Motivation 2: quantum computers

Cryptography: can we find problems which are hard for classical
and quantum computers?

Moore & Russell: all currently known quick quantum algorithms
for graph isomorphism problem are equivalent to playing blackjack
in a quantum casino (instead of cards we use irreducible
representations of Sp,).
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Motivation 2: quantum computers

Cryptography: can we find problems which are hard for classical
and quantum computers?

Moore & Russell: all currently known quick quantum algorithms
for graph isomorphism problem are equivalent to playing blackjack
in a quantum casino (instead of cards we use irreducible
representations of Sp,).

Speed depends on asymptotics of characters y () of symmetric
groups.
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Motivation 2: quantum computers

Cryptography: can we find problems which are hard for classical
and quantum computers?

Moore & Russell: all currently known quick quantum algorithms
for graph isomorphism problem are equivalent to playing blackjack
in a quantum casino (instead of cards we use irreducible
representations of Sp,).

Speed depends on asymptotics of characters y () of symmetric
groups.

ask me about it during coffee break!
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Introduction

Roichman’s inequality

Theorem (Roichman 1996)
There exist constants 0 < q < 1 and b > 0 such that for any

me Sy,
()] < [max (A)(A)qﬂb =

n

Notation:

@ || is the minimal number of factors to write 7 as a product
of transpositions,
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Theorem (Roichman 1996)
There exist constants 0 < q < 1 and b > 0 such that for any

me Sy,
()] < [max (A)(A)qﬂb =

n

Notation:

@ || is the minimal number of factors to write 7 as a product
of transpositions,

@ r(A), c(A) is the number of rows/columns of A,
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Roichman’s inequality

Theorem (Roichman 1996)
There exist constants 0 < q < 1 and b > 0 such that for any

me Sy,
()] < [max (A)(A)qﬂb =

n

Notation:
@ || is the minimal number of factors to write 7 as a product
of transpositions,
@ r(A), c(A) is the number of rows/columns of A,
@ n is the number of boxes of A,
Proof: Murnaghan-Nakayama rule.
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Introduction

Roichman’s inequality

Theorem (Roichman 1996)
There exist constants 0 < q < 1 and b > 0 such that for any

me Sy,
()] < [max ( ,f),c(A),qﬂb =

n

Notation:

@ || is the minimal number of factors to write 7 as a product
of transpositions,
@ r(A), c(A) is the number of rows/columns of A,
@ n is the number of boxes of A,
Proof: Murnaghan-Nakayama rule.

Roichman’s estimate is not good enough for asymptotics of
quantum computers.
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© Stanley-Féray character formula
@ Normalized characters
@ Stanley's character formula
@ Stanley-Féray character formula

Piotr évﬂady Asymptotics of symmetric groups representations



Stanley-Féray character formula

Normalized characters

For a Young diagram A with n boxes and w € 5; (I < n) we define
normalized character

S r)=n-(n—1)-(n—2)--(n— I+ 1) x*(n)

| factors
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Stanley-Féray character formula

Normalized characters

For a Young diagram A with n boxes and w € 5; (I < n) we define
normalized character

S r)=n-(n—1)-(n—2)--(n— I+ 1) x*(n)

| factors

Q

n' Y N(n).
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Normalized characters
Stanley-Féray character formula 2 er formula
racter formula

Normalized characters

For a Young diagram A with n boxes and w € 5; (I < n) we define
normalized character

S r)=n-(n—1)-(n—2)--(n— I+ 1) x*(n)

| factors

Q

n' Y N(n).

Important: we can think that / = |supp |.
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Normalized characters
Stanley-Féray character formula Stanley's character formula
Stanley-F: character formula

Stanley's character formula

pxq=

<~— p boxes —

«—— q boxes ——
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Normalized characters
Stanley-Féray character formula Stanley’s character formula
Stanley-Féray character formula

Stanley's character formula

Theorem (Stanley 2001)
For a rectangular Young diagram p x q and w € S; (where | < pq)

prq(ﬂ.) — Z (_1)|01| q‘c(01)| p|C(U2)|’

01,02€5y,
010=T

where |C(o})| is the number of cycles of o;.

pxq=

<~— p boxes —

«—— q boxes ——
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Stanley-Féray character formula anley cter formula
Stanley-Féray character formula

Stanley-Féray character formula

Theorem (Féray 2006)

For a Young diagram X with n boxes and w € S; (where | < n)

zk(ﬂ) = Z (_1)|01| NA(01702)7

01,02€5),
o102=T

where N*(o1,02) is decribed in the following.
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Stanley-Féray character formula

Colorings of permutations

@ 01,07 are permutations;
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Stanley-Féray character formula

Colorings of permutations

@ 01,07 are permutations;

@ C(01), C(o2) are the sets of their cycles;
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Stanley-Féray character formula )
Stanley-Féray character formula

Colorings of permutations

@ 01,07 are permutations;
@ ((01), C(02) are the sets of their cycles;

@ coloring of 01,05 is a pair of functions

h1 :C(01) — N = {numbers of columns},

hy :C(02) — N = {numbers of rows};
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Stanley-Féray character formula

Colorings of permutations

@ 01,07 are permutations;
@ ((01), C(02) are the sets of their cycles;

@ coloring of 01,05 is a pair of functions
h1 :C(01) — N = {numbers of columns},

hy :C(02) — N = {numbers of rows};

@ coloring is compatible with a Young diagram A
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Stanley-Féray character formula )
Stanley-Féray character formula

Colorings of permutations

@ 01,07 are permutations;
C(01), C(02) are the sets of their cycles;

@ coloring of 01,05 is a pair of functions

h1 :C(01) — N = {numbers of columns},

hy :C(02) — N = {numbers of rows};

@ coloring is compatible with a Young diagram A
if for any cycles ¢ € C(01), e € C(02) with non-empty
intersection

Piotr évﬂady Asymptotics of symmetric groups representations



Normal
Stanley-Féray character formula Stanley
Stanley-Féray character formula

Colorings of permutations

@ 01,07 are permutations;
@ ((01), C(02) are the sets of their cycles;

@ coloring of 01,05 is a pair of functions

h1 :C(01) — N = {numbers of columns},

hy :C(02) — N = {numbers of rows};

@ coloring is compatible with a Young diagram A
if for any cycles ¢ € C(01), e € C(02) with non-empty
intersection
the box in column hi(c1) and row hy(cp) belongs to A.

Piotr évﬂady Asymptotics of symmetric groups representations



Normali ters
Stanley-Féray character formula Stanley's r formula
Stanley-F racter formula

Colorings of permutations

@ 01,07 are permutations;
@ ((01), C(02) are the sets of their cycles;

@ coloring of 01,05 is a pair of functions

h1 :C(01) — N = {numbers of columns},

hy :C(02) — N = {numbers of rows};

@ coloring is compatible with a Young diagram A
if for any cycles ¢ € C(01), e € C(02) with non-empty
intersection
the box in column hi(c1) and row hy(cp) belongs to A.

@ N*(o1,02) denotes the number of the colorings of o1, 0>
which are compatible with A.
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Stanley-Féray character formula
Stanley-Féray character formula

Colorings: toy example

Factorization (1,2) = (1)(2)-(1,2). Coloring compatible with A:
—— N~

o1 02
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Colorings: toy example

Factorization (1,2) = (1)(2)-(1,2). Coloring compatible with A:
—— N~

o1 02
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Colorings: toy example

Factorization (1,2) = (1)(2)-(1,2). Coloring compatible with A:
—— N~

o1 02
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Stanley-Féray character formula
Stanley-Féray character formula

Colorings: toy example

Factorization (1,2) = (1)(2)-(1,2). Coloring compatible with A:

—— N~
o1 02
I
4 |
|
3 |
T
24 ———4—-----F—-1--
T
1 |
T
i 2 3 4 5 6 7 8
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Stanley-Féray character formula

Colorings: toy example
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Stanley-Féray character formula ﬁtmle\ a formula
Stanley- Feray character formula

Colorings: toy example

Factorization (1,2) =
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Stanley-Féray character formula anley ormula
racter formula

Colorings: toy example

Factorization (1,2) = (1)(2)-(1,2). Coloring compatible with A:
—— N~

o1 02

N (1), (1.2)) = (A

where \; is the number of boxes in i-th row.
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Stanley-Féray character formula

Stanley-Féray character formula

Theorem (Féray 2006)

For any Young diagram \ and a permutation m € S; (where | < n)

zk(ﬂ) = Z (_1)|01| NA(01702)7

01,02€S),
o102=T

where

N)‘(al,az) = number of colourings of the cycles of o1 and o5

which are compatible with A
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Stanley-Féray character formula )
Stanley-Féray character formula

Why is it so nice?

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o10p=T

It is nice because:
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Stanley-Féray character formula )
Stanley-Féray character formula

Why is it so nice?

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o102=T

It is nice because:

@ small number of summands if 7 is fixed;
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Stanley-Féray character formula Stanley's
Stanley-Féray character formula

Why is it so nice?

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (-1)7 N(o1,02).

01,02€5),
o10p=T

It is nice because:

@ small number of summands if 7 is fixed;

@ each summand is directly related to the shape of A;
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Stanley-Féray character formula Stanley's
Stanley-Féray character formula

Why is it so nice?

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o10p=T

It is nice because:

@ small number of summands if 7 is fixed;
@ each summand is directly related to the shape of A;

@ biggest contribution:
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Stanley-Féray character formula Stanley's
Stanley-Féray character formula

Why is it so nice?

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o10p=T

It is nice because:

@ small number of summands if 7 is fixed;
@ each summand is directly related to the shape of A;

@ biggest contribution: N*(o1,07) is big
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Normalized characters
Stanley-Féray character formula Stanley's cter formula
Stanley-Féray character formula

Why is it so nice?

Theorem (Féray 2006)

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o10p=T

It is nice because:
@ small number of summands if 7 is fixed;
@ each summand is directly related to the shape of A;

@ biggest contribution: N*(o1,07) is big
= |C(01)| + [C(02)] is big
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Normalized characters
Stanley-Féray character formula Stanley's cter formula
Stanley-Féray character formula

Why is it so nice?

Theorem (Féray 2006)

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o10p=T

It is nice because:
@ small number of summands if 7 is fixed;
@ each summand is directly related to the shape of A;

@ biggest contribution: N*(o1,07) is big
< [C(01)| +|C(02)| is big <= |o1| + |o2| is small;
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Normalized characters
Stanley-Féray character formula Stanley's character formula
Stanley-Féray character formula

Why is it so nice?

Theorem (Féray 2006)

For any Young diagram \ and a permutation m € S; (where | < n)

Pm= > (=17 N(o1,02).

01,02€5),
o10p=T

It is nice because:

@ small number of summands if 7 is fixed;
@ each summand is directly related to the shape of A;

@ biggest contribution: N*(o1,07) is big
< [C(01)| +|C(02)| is big <= |o1| + |o2| is small;
o free probability (next section);
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Outline

e Characters, free probability and random matrices
@ Free cumulants
@ Random matrices and characters
@ Estimates for characters
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Free cumulants
Random matr and characters
Characters, free probability and random matrices Estimates for ers

Transition measure

Kerov: to a Young diagram \ we associate its
transition measure uy which is a probability measure on R,
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Transition measure

Kerov: to a Young diagram \ we associate its
transition measure uy which is a probability measure on R,
the spectral measure of the matrix

L0 ML) e P 1
pN2,1) 0 pM2,n) 1
A1) p\(n,2) 0 1
1 1 1 |
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Free cumulants
Random matri
Characters, free probability and random matrices Estimates for c

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.

Theorem (Biane 1998)

The normalized character on a cycle is asymptotically given by

Y(1,2,...,k) = Ry + (lower degree terms)
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.

Theorem (Biane 1998)

The normalized character on a cycle is asymptotically given by

Y(1,2,...,k) = Ry + (lower degree terms)

Like in the random matrix theory free cumulants are the right
quantities.
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.

Theorem (Biane 1998)

The normalized character on a cycle is asymptotically given by

Y(1,2,...,k) = Ry + (lower degree terms)
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.
Theorem (Biane 1998)

The normalized character on a cycle is asymptotically given by

YM(1,2,...,k) = Ry 1 + (lower degree terms)

SNL2,. k)= > (=) NN oy, 00) =
01,02€ S5k
o102=(1,2,...,k)
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.
Theorem (Biane 1998)

The normalized character on a cycle is asymptotically given by

YM(1,2,...,k) = Ry 1 + (lower degree terms)

SNL2,. k)= > (=) NN oy, 00) =

01,02E€ 5
o102=(1,2,...,k)
Z (=11l Moy, 02) + (lower degree terms)
0'1,0'265k
o102=(1,2,...,k)

lo1|+[o2|=|(1,2,..,K)]
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Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Free cumulants of transition measure

Denote R? = R;(u) the free cumulant of p*.

Theorem (Biane 1998)

The normalized character on a cycle is asymptotically given by

YM(1,2,...,k) = Rp 1 + (lower degree terms)

ML2,. k)= > (=) M o1,00) =
01,02€ Sk
o102=(1,2,...,k)
Z (=171l NA (o1, 00) + (lower degree terms)
o1 o‘2€5k

o102 '(1 2,... k)
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New formula for free cumulants 1

A A
Rk+1 = E , (_1)|01| N (01702)7
01,02€ S5k
o0102=(1,2,...,k)
lo1|+]o2[=[(1,2,....k)|

where the sum runs over minimal factorizations of a cycle.
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New formula for free cumulants 1

A A
Rk+1 = E , (_1)|01| N (01702)7
01,02€ S5k
o0102=(1,2,...,k)
lo1|+]o2[=[(1,2,....k)|

where the sum runs over minimal factorizations of a cycle.

Minimal factorizations of (1,..., k) = planar rooted trees with
k + 1 vertices!
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Random matrices. . .

For a Young diagram A we consider a random matrix Tj.

0 0 0 0
A= = &1 &2 0 0
g1 &2 0 0

(811 812 &3 0
gij are independent standard complex Gaussian

Piotr évﬂady Asymptotics of symmetric groups representations



Free cumulants

Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Random matrices. . .

For a Young diagram A we consider a random matrix Tj.

0 0 0 0
A= = &1 &2 0 0
g1 &2 0 0

1811 812 813 0
gij are independent standard complex Gaussian
Moments of random matrices:

E[THTAT) - TH(TTH ] = > N(o1,02).
01,02€S5),

0102=T

where 7 is a permutation with a cycle structure (h, ..., /).
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Random matrices and characters

Moments of random matrices:

E[TH(TAT)" - TH(TTH ] = > N(o1,02).
b 57
gl

where 7 is a permutation with a cycle structure (h, ..., /).
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Random matrices and characters

Characters of symmetric groups:

AN = Y (-1 Mo, 02).

01,02€S),
o100=T

Moments of random matrices:

E[TH(TAT)" - TH(TTH ] = > N(o1,02).
b 57
il

where 7 is a permutation with a cycle structure (h, ..., ).
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Random matrices and characters

Characters of symmetric groups:

AN = Y (-1 Mo, 02).

01,02€S),
o100=T

|ZMm)| SE[Tr(Ta T Tr(TaT3)]

Moments of random matrices:

E[TH(TAT) - TH(TTH ] = > N(o1,02).
b 57
gl

where 7 is a permutation with a cycle structure (h, ..., /).
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Random matrices and characters

Characters of symmetric groups:

AN = Y (-1 Mo, 02).

01,02€S),
o100=T

|ZMm)| SE[Tr(Ta T Tr(TaT3)]
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Random matrices and characters

Characters of symmetric groups:

AN = Y (-1 Mo, 02).

01,02€S),
o100=T

|ZMm)| SE[Tr(Ta T Tr(TaT3)]

Therefore the asymptotics of characters on long permutations
(h,h, -+ — o0) is related to asymptotics of the largest eigenvalues
of T/\ T;:.
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Random matrices and circular operator

If A\ is big then random matrix Ty can be approximated by a circular
operator T:

Etr [(TAT$)"] = o[(TT*)"].
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Random matrices and circular operator

If A\ is big then random matrix Ty can be approximated by a circular
operator T:

Etr [(TAT$)"] = o[(TT*)"].

@ noncommutative probability space (A,E : A — D)
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Random matrices and circular operator

If A\ is big then random matrix Ty can be approximated by a circular
operator T:

Etr [(TAT$)"] = o[(TT*)"].

@ noncommutative probability space (A,E : A — D)

o D = L(R,) corresponds to diagonal matrices
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Random matrices and circular operator

If A\ is big then random matrix Ty can be approximated by a circular
operator T:

Etr [(TAT$)"] = o[(TT*)"].

@ noncommutative probability space (A,E : A — D)
o D= LYR,) corresponds to diagonal matrices
@ state ¢ : D — C, ¢(f fo t)dt corresponds to trace
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Random matrices and circular operator

If A\ is big then random matrix Ty can be approximated by a circular
operator T:

Etr [(TAT$)"] = o[(TT*)"].

@ noncommutative probability space (A,E : A — D)
o D= LYR,) corresponds to diagonal matrices
@ state ¢ : D — C, ¢(f fo t)dt corresponds to trace

covariance of T:

[k(T,f T*)}(s):/(t | f(t) dt,

[k(T*, f T)](s) = /(t) f(t) dt,

[k(T,f T)](s) =0,
[k(T*,f T*)|(s) = 0.
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Character and circular operator

covariance of T:

[k(T,f T%)](s) :/ f(t) dt,

(t,s)EX
K(T* f T)|(s) = f(t) dt,
[K(T*. £ T))(s) /(Sw (t) dt

[k(T,f T)](s) =0,
[k(T*,f T*)|(s) = 0.
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Character and circular operator

covariance of T:

[k(T,f T%)](s) :/ f(t) dt,

(t,s)EX

K(T* f T)](s) = (~1 F(¢) dt,
K(T*. £ T)](s) = (1) /(Sw (t) dt
[k(T,f T)] (s) =0,

* *
[k(T*, f T*)](s) =0.
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Character and circular operator

Ria = o[(TT)"]

covariance of T:

[k(T,f T%)](s) :/ f(t) dt,

(t,s)eX

K(T* f T)](s) = (~1 F(¢) dt,
K(T*, £ T)](s) = (1) /(Sw (t) dt
[k(T,f T)] (s) =0,

* *
[k(T*, f T*)](s) =0.
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Estimates for characters

Stanley-Féray character formula is perfect for studying asymptotics
of characters.

Piotr évﬂady Asymptotics of symmetric groups representations



Free cumulants
Random matrices and characters
Characters, free probability and random matrices Estimates for characters

Estimates for characters

Stanley-Féray character formula is perfect for studying asymptotics
of characters.

Theorem (Vershik—Kerov 1985)

For a Young diagram A with n boxes

A\ ¢ N,
XA(1,2,...,k)zZ<nJ) _JZ _#

J

holds asymptotically, for n — oc.
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Estimates for characters

Stanley-Féray character formula is perfect for studying asymptotics
of characters.

Theorem (Vershik—Kerov 1985)

For a Young diagram A with n boxes

A\ ¢ N,
XA(1,2,...,k)zZ<nJ) _JZ _#

J

holds asymptotically, for n — oc.

Stanley-Féray formula: new one-line proof and estimate for error
term
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New bounds for characters

Theorem (Roichman 1996)

There exist constants 0 < q < 1 and b > 0 such that for any
Young diagram A with n boxes

()] < [max (A)(A)qﬂb d

n

A\

Theorem (Féray-Sniady 2007)
There exists a constant C such that for any Young diagram )\ with

n boxes . [Cmax (“A),C(A),W)rl
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