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Representations Free umulants Kerov polynomials Questions Proof AppliationRepresentationsrepresentation of a group G is a homomorphism from G toinvertible n × n matries
ρ : G → Mn×n(C),in other words,

ρ(g1g2) = ρ(g1)ρ(g2) for any g1, g2 ∈ G .ExampleRepresentation of S(3) assymmetries of a triangle on aplane. 1 23
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Representations Free umulants Kerov polynomials Questions Proof AppliationExampleInto a dodeahedron we aninsribe a ube in �ve ways.Every rotation of thedodeahedron de�nes an evenpermutation of the �ve ubes.In fat, there is an isomorphismbetween the group of rotations ofthe dodeahedron and the groupA(5) of even permutations.This gives a representation ofA(5) as rotations of thedodeahedron.



Representations Free umulants Kerov polynomials Questions Proof AppliationIrreduible representations and haratersA representation ρ : G → End(V ) on a vetor spae V is alledreduible if there exists a nontrivial deomposition intosubrepresentations: V = V1 ⊕ V2 and ρ = ρ1 ⊕ ρ2.Otherwise, a representation is alled irreduible.If ρ is an irreduible representation, we de�ne its harater
χρ : G → C given by

χρ(g) =
Tr ρ(g)dimension of ρ

.



Representations Free umulants Kerov polynomials Questions Proof AppliationIrreduible representations of symmetri groupsIrreduible representations ρλ ofsymmetri group S(n) are indexed byYoung diagrams λ having n boxes.
ProblemWhat is the relation between the shape of a Young diagramand the orresponding irreduible harater?



Representations Free umulants Kerov polynomials Questions Proof AppliationDilations of Young diagrams
diagram λ dilated diagram sλ for s = 3ProblemWhat happens to irreduible haraters of symmetri groupsorresponding to sλ for s → ∞?



Representations Free umulants Kerov polynomials Questions Proof AppliationNormalized haratersFor π ∈ S(k) and irreduible representation ρλ of S(n)(assume k ≤ n) we de�ne the normalized harater
Σλ

π =n(n − 1) · · · (n − k + 1)
︸ ︷︷ ︸k fators Tr ρλ(π)dimension of ρλ

.Most interesting ase: haraters on yles
Σλk = Σλ

(1,2,...,k).The same problem, onretely:For �xed k ≥ 1 what an we say about Σsλk for s → ∞?



Representations Free umulants Kerov polynomials Questions Proof AppliationFree umulantsThe map s 7→ Σsλk−1 is a polynomial of degree k .We de�ne free umulants Rλ2 ,Rλ3 , . . . of diagram λ to beasymptotially the dominant terms of the harater on yles:Rλk = lims→∞
1sk Σsλk−1 = [sk ]Σsλk−1.AdvertisementFree umulants are very nie quantities desribing a Young diagram.

Σλk−1 ≈ Rλk has a lot of impliations in the representation theoryFree umulants are homogeneous with respet to dilations:Rsλk = skRλk .There are relatively simple expliit formulas for free umulants ofYoung diagrams.



Representations Free umulants Kerov polynomials Questions Proof AppliationFree umulants for free probability people 1Denote ⋆ = n + 1. Juys-Murphy element is de�ned byJ = (1⋆) + · · · + (n⋆) ∈ C
(S(n + 1)).Let ρλ be an irreduible representation of S(n).We equip C

(S(n + 1)) with an expeted value:
EX = χλ

(X
yS(n+1)S(n) )

.Free umulants of Young diagram λ are just free umulants ofJuys-Murphy element with respet to this expeted value:Rλk = Rk(J).



Representations Free umulants Kerov polynomials Questions Proof AppliationFree umulants for free probability people 2
x1 y1 x2 y2 x3 y3 x4Cauhy transform of a Young diagram:Gλ(z) =

(z − y1) · · · (z − ys−1)
(z − x1) · · · (z − xs) .Free umulants of λ are the free umulants related to Gλ.



Representations Free umulants Kerov polynomials Questions Proof AppliationKerov polynomialsFree umulants give approximations of haraters:
Σk ≈ Rk+1,but they an also give exat values of haraters thanks toKerov harater polynomials:

Σ1 = R2,
Σ2 = R3,
Σ3 = R4 + R2,
Σ4 = R5 + 5R3,
Σ5 = R6 + 15R4 + 5R22 + 8R2,
Σ6 = R7 + 35R5 + 35R3R2 + 84R3.Studied by: S. Kerov, Ph. Biane, R. Stanley, I. Goulden, A. Rattan,M. Lassalle,. . .



Representations Free umulants Kerov polynomials Questions Proof AppliationThe main result:ombinatorial interpretation of Kerov polynomialsFor a permutation π we denote by C (π) the set of yles of π.Theorem (Doª�ga, Féray, �niady)The oe�ient [Rs22 Rs33 · · · ]Σk is equal to the number of triples
(σ1, σ2, q) suh that

σ1, σ2 ∈ S(k) are suh that σ1 ◦ σ2 = (1, 2, . . . , k),q : C (σ2) → {2, 3, . . . } is a labeling suh that eah labeli ∈ {2, 3, . . . } is used si times,onsider a bipartite graph C (σ1) ⊔ C (σ2), where 1 ∈ C (σ1) isonneted by an edge with 2 ∈ C (σ2) i� they are not disjoint;we require that it is a q-admissible graph.



Representations Free umulants Kerov polynomials Questions Proof AppliationAdmissible bipartite graphs 1Let V1 and V2 be the verties of a bipartite onneted graph andlet q : V2 → {2, 3, . . . } be a labelling of the red verties.We say that this graph is q-admissible if. . .it is possible to hoose orientations on the edges in suh a way that:eah blue vertex has exatly one outgoing edge,eah red vertex v has exatly q(v ) − 1 inoming edges,for any red verties v1, v2 it is possible to �nd a path from v1to v2.
223
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Representations Free umulants Kerov polynomials Questions Proof AppliationAdmissible bipartite graphs 2Let V1 and V2 be the verties of a bipartite onneted graph andlet q : V2 → {2, 3, . . . } be a labelling of the red verties.We say that this graph is q-admissible if. . .for every nontrivial set ∅ ( A ( V2 of red verties there are morethan ∑∈A (q()− 1) blue verties are onneted with at least onevertex in A.
223



Representations Free umulants Kerov polynomials Questions Proof AppliationAdmissible bipartite graphs 3
11
11

2− 1 = 12− 1 = 13− 1 = 21121212121212Eah blue fatory produes 1 unit.Eah red onsumer g uses q(g) − 1 units.We require that there is a way to arrange transportation so thatevery edge of the graph has a positive number.



Representations Free umulants Kerov polynomials Questions Proof AppliationRestrition on graphs
CorollaryIf there exists an disonneting edge with at least one red vertex ineah of the omponents then the graph annot be admissible (nomatter whih labeling we hoose).�No part of the graph an look like a tree.�Appliation: oe�ients of Kerov polynomials are small.



Representations Free umulants Kerov polynomials Questions Proof AppliationThe main result:ombinatorial interpretation of Kerov polynomialsFor a permutation π we denote by C (π) the set of yles of π.Theorem (Doª�ga, Féray, �niady)The oe�ient [Rs22 Rs33 · · · ]Σk is equal to the number of triples
(σ1, σ2, q) suh that

σ1, σ2 ∈ S(k) are suh that σ1 ◦ σ2 = (1, 2, . . . , k),q : C (σ2) → {2, 3, . . . } is a labeling suh that eah labeli ∈ {2, 3, . . . } is used si times,onsider a bipartite graph C (σ1) ⊔ C (σ2), where 1 ∈ C (σ1) isonneted by an edge with 2 ∈ C (σ2) i� they are not disjoint;we require that it is a q-admissible graph.



Representations Free umulants Kerov polynomials Questions Proof AppliationAppliationspositivity: Kerov polynomials give haraters as simple sumswithout too many anellations,optimal estimates for haraters,more information on the struture of Kerov polynomials(solution to Lassalle's onjetures)



Representations Free umulants Kerov polynomials Questions Proof AppliationWhat is behind positivity?ConjetureMaybe oe�ients of Kerov polynomialsare equal to dimensions of some intersetion (o)homologies ofsomething?are equal to something related to moduli spae of analytimaps on Riemann surfaes? or rami�ed overings of a sphere?are algebrai solutions to some integrable hierarhy (Toda?)and their oe�ients are related to the tau funtion of thehierarhy?Current de�nition of Kerov polynomials is rather impliit. Can we�nd an expliit de�nition of the oe�ients of Kerov polynomials(using some exoti interpretation)?



Representations Free umulants Kerov polynomials Questions Proof AppliationOpen problemsstrange: Kerov polynomials also show up in the random matrixtheory for some bizzare random matries (ask about it afterthe talk!);free umulants originally ome from Voiulesu's freeprobability theory / random matrix theory. . .is there some analogue of Kerov harater polynomials in therandom matrix theory / respresentation theory of the unitarygroups U(d)?is it possible to study Kerov polynomials in suh a saling thatphenomena of universality of random matries our?the struture of Kerov polynomials is still not lear:Goulden�Rattan onjeture (ask me after the talk!), Lassalle'sonjetures



Representations Free umulants Kerov polynomials Questions Proof AppliationCharater formulaFor any Young diagram λ with n boxes and a permutation π ∈ Sk
Σλ

π =
∑

σ1,σ2∈Sk ,
σ1σ2=π

(−1)|σ1| Nλ(σ1, σ2),where Nλ
(σ1 ,σ2) is the number of olorings (next slides).

Up to the ± sign, the same formula gives moments of some bizzarerandom matrix.



Representations Free umulants Kerov polynomials Questions Proof AppliationColoringsAssume π = σ1σ2. Coloring (f1, f2) of the yles of (σ1, σ2)f1 : C (σ1) → N maps the yles of σ1 to olumns of λ;f2 : C (σ2) → N maps the yles of σ2 to rows of λ;if 1 is a yle of σ1, 2 is a yle of σ2 and 1 ∩ 2 6= ∅ then
(f1(1), f2(2)) ∈ λ.We denote the number of olorings of (σ1, σ2) by Nλ(σ1, σ2).ExampleFatorization (1, 2) = (1)(2)

︸ ︷︷ ︸

σ1 · (1, 2)
︸ ︷︷ ︸

σ2 .Nλ
(
(1)(2), (1, 2)) =

∑i (λi )2,where λi is the number of boxesin i-th row.
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diagram λ dilated diagram sλ for s = 3Nsλ(σ1, σ2) = s |C(σ1)|+|C(σ2)|Nλ(σ1, σ2)
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Representations Free umulants Kerov polynomials Questions Proof AppliationToy example: linear terms of Kerov polynomials 1
q boxespboxes Σp×q

π =
∑

σ1,σ2∈Sk ,
σ1σ2=π

(−1)|σ1| q|C(σ1)| p|C(σ2)|
︸ ︷︷ ︸Np×q

(σ1,σ2)

.Corollary
[qip]Σp×q

π is equal (up to the sign) to the number offatorizations π = σ1σ2 suh that σ1 has i yles and σ2 hasonly one yle.
[qip]Rp×qk+1 = [qip](degree k + 1 part of Σk) =

{1 if i = k,0 otherwise



Representations Free umulants Kerov polynomials Questions Proof AppliationToy example: linear terms of Kerov polynomials 2Rp×qk+1 =qkp + (terms ontaining higher powers of p),

Σπ =X Rk+1 + (other monomials in free umulants)
Σp×q

π =X qkp + (other monomials in p, q)CorollaryX = [Rk+1]Σπ =[qkp]Σp×q
π

= ± (the number of fatorizations π = σ1σ2 suhthat σ1 has k yles and σ2 has only one yle)



Representations Free umulants Kerov polynomials Questions Proof AppliationKerov polynomials, general ase
p 1q1 p 2q2 p 3q3

To get information about general oe�ients of Kerov polynomials,one has to onsider more omplex shapes.
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n = 25

Let ρ be, for example,left-regular representation ofS(n).We deompose it into irreduibleomponents and we randomlyselet an irreible omponent ρλ.What an we say about λ?What an we say about 1√nλ?
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n = 100

Let ρ be, for example,left-regular representation ofS(n).We deompose it into irreduibleomponents and we randomlyselet an irreible omponent ρλ.What an we say about λ?What an we say about 1√nλ?
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n = 400

Let ρ be, for example,left-regular representation ofS(n).We deompose it into irreduibleomponents and we randomlyselet an irreible omponent ρλ.What an we say about λ?What an we say about 1√nλ?
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n = 1600

Let ρ be, for example,left-regular representation ofS(n).We deompose it into irreduibleomponents and we randomlyselet an irreible omponent ρλ.What an we say about λ?What an we say about 1√nλ?
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n = 6400

Let ρ be, for example,left-regular representation ofS(n).We deompose it into irreduibleomponents and we randomlyselet an irreible omponent ρλ.What an we say about λ?What an we say about 1√nλ?
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n = 25600

Let ρ be, for example,left-regular representation ofS(n).We deompose it into irreduibleomponents and we randomlyselet an irreible omponent ρλ.What an we say about λ?What an we say about 1√nλ?



Representations Free umulants Kerov polynomials Questions Proof AppliationFree umulants: shape of resaled diagram vs haratersShape of 1√nλ is determined by free umulants:R 1√nλk =
1√nk Rλk ≈ 1√nk Σλk−1 ≈ n k−22 χλ

(1,...,k−1)In the ase of random Young diagrams we know the typial value ofharaters:
Eχλ

π = χρ
πGeneral phenomenon: random Young diagrams behave likeeigenvalues of random matries.
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