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Σλ

π = n(n − 1) · · · (n − k + 1)
︸ ︷︷ ︸k fators Tr ρλ(π)dimension of ρλ

.Most interesting ase: haraters on yles
Σλk = Σλ
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Kerov polynomialsCombinatoris of Kerov polynomialsAppliations of the main resultKerov polynomialsFree umulants give approximations of haraters:
Σk ≈ Rk+1,but they an also give exat values of haraters thanks toKerov harater polynomials:

Σ1 = R2,
Σ2 = R3,
Σ3 = R4 + R2,
Σ4 = R5 + 5R3,
Σ5 = R6 + 15R4 + 5R22 + 8R2,
Σ6 = R7 + 35R5 + 35R3R2 + 84R3.Piotr �niady Kerov harater polynomials
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Kerov polynomialsCombinatoris of Kerov polynomialsAppliations of the main resultLinear terms of Kerov polynomialsFor a permutation π we denote by C (π) the set of yles of π.Theorem (Biane and Stanley)The oe�ient [Rℓ]Kk is equal to the number of pairs (σ1, σ2)where
σ1, σ2 ∈ S(k) are suh that σ1 ◦ σ2 = (1, 2, . . . , k),
|C (σ2)| = 1,
|C (σ1)|+ |C (σ2)| = ℓ.
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Kerov polynomialsCombinatoris of Kerov polynomialsAppliations of the main resultRestrition on graphs
CorollaryIf there exists an disonneting edge with at least one girl in bothomponents then the fatorization annot ontribute (no matterwhih labeling we hoose).Appliation: oe�ients of Kerov polynomials are small.Piotr �niady Kerov harater polynomials



Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Kerov polynomialsCombinatoris of Kerov polynomialsAppliations of the main resultAppliations of the main resultpositivity: Kerov polynomials give haraters as simple sumswithout too many anellations,optimal estimates for haraters,more information on the struture of Kerov polynomials(Lassalle's onjetures)
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1sk−1 (

Σsλk − Rsλk+1) = [sk−1](Σsλk − Rsλk+1)
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1sk−1 (

Σsλk − Rsλk+1) = [sk−1](Σsλk − Rsλk+1)Conjeture (Goulden and Rattan)For eah k ≥ 1 there exists a universal polynomial Lk alledGoulden�Rattan polynomial with rational (non-negative?)oe�ients (with relatively small denominators?) suh that
Σk − Rk+1 = Lk (C2,C3, . . . ).Piotr �niady Kerov harater polynomials
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsFundamental funtionals S2, S3, . . . of shape
0 1 2 3 4 51234ontents(x ,y) = x − y

Fundamental funtionals of shape of λ:Sλn = (n− 1)∫∫

(x ,y)∈λ

(ontents(x ,y))
n−2 dx dyeasy to ompute,homogeneous: Ssλn = snSλn ,there are expliit formulas whih expressfuntionals S2,S3, . . . in terms of freeumulants R2,R3, . . . andonversely. . . therefore free umulants anbe expliitly alulated from the shape ofa Young diagram!Piotr �niady Kerov harater polynomials



Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsRelation between funtionals S2, S3, . . .and free umulants R2,R3, . . .Sn =
∑l≥1 1l !(n − 1)l−1 ∑k1,...,kl≥2k1+···+kl=nRk1 · · ·Rkl ,Rn =
∑l≥1 1l !(−n + 1)l−1 ∑k1,...,kl≥2k1+···+kl=n Sk1 · · · Skl ,
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∑l≥1 1l !(n − 1)l−1 ∑k1,...,kl≥2k1+···+kl=nRk1 · · ·Rkl ,Rn =
∑l≥1 1l !(−n + 1)l−1 ∑k1,...,kl≥2k1+···+kl=n Sk1 · · · Skl ,Example:

∂2
∂Rk1∂Rk2F =

∂2
∂Sk1∂Sk2 F + (k1 + k2 − 1) ∂

∂Sk1+k2F .All derivatives at R2 = R3 = · · · = S2 = S3 = · · · = 0.Piotr �niady Kerov harater polynomials



Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley polynomials
p 1q1 p 2q2 p 3q3

For numbers p1, p2, . . . , q1, q2, . . . we onsider multiretangular(generalized) Young diagram p× q.
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p 1q1 p 2q2 p 3q3

For numbers p1, p2, . . . , q1, q2, . . . we onsider multiretangular(generalized) Young diagram p× q.Theorem (onjetured by Stanley, proved by Féray)For any permutation π the normalized harater Σp×q
π is apolynomial in p1, p2, . . . , q1, q2, . . . , alled Stanley polynomial, forwhih there is an expliit formula.Piotr �niady Kerov harater polynomials



Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formulaTheorem (onjetured by Stanley, proved by Féray)For π ∈ S(n)
Σp×q

π =
∑

σ1,σ2∈S(n)
σ1◦σ2=π

∑

φ2:C(σ2)→N

(−1)σ1 · ∏b∈C(σ1) qφ1(b) ·
∏∈C(σ2) pφ2(),where oloring φ1 : C (σ1)→ N is de�ned by

φ1() = maxb∈C(σ2),b and  interset φ2(b) for  ∈ C (σ1)
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formulaTheorem (onjetured by Stanley, proved by Féray)For π ∈ S(n)
Σp×q

π =
∑

σ1,σ2∈S(n)
σ1◦σ2=π

∑

φ2:C(σ2)→N

(−1)σ1 · ∏b∈C(σ1) qφ1(b) ·
∏∈C(σ2) pφ2(),where oloring φ1 : C (σ1)→ N is de�ned by

φ1() = maxb∈C(σ2),b and  interset φ2(b) for  ∈ C (σ1)The Stanley polynomial depends on the graph Vσ1,σ2 .Piotr �niady Kerov harater polynomials



Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formula, toy versionCorollaryFor π ∈ S(n)
(−1)[p1qi1p2qj2]Σp×q

πis equal to the number of fatorizations π = σ1 ◦ σ2 suh that
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formula, toy versionCorollaryFor π ∈ S(n)
(−1)[p1qi1p2qj2]Σp×q

πis equal to the number of fatorizations π = σ1 ◦ σ2 suh that
σ1 has i + j yles,
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formula, toy versionCorollaryFor π ∈ S(n)
(−1)[p1qi1p2qj2]Σp×q

πis equal to the number of fatorizations π = σ1 ◦ σ2 suh that
σ1 has i + j yles,
σ2 = {1, 2} has two (labeled) yles,
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Representations of symmetri groupsKerov harater polynomialsOpen problemsProof of Kerov onjeture Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formula, toy versionCorollaryFor π ∈ S(n)
(−1)[p1qi1p2qj2]Σp×q

πis equal to the number of fatorizations π = σ1 ◦ σ2 suh that
σ1 has i + j yles,
σ2 = {1, 2} has two (labeled) yles,there are exatly j yles of σ1 whih interset 2.
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σ1 has i + j yles,
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