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Outlook

@ What can we say about the asymptotics of characters of
symmetric groups S(n) in the limit n — oo?

@ Exact values of characters can be calculated from
free cumulants thanks to Kerov polynomials.

@ The main result: explicit combinatorial interpretation of the
coefficients of Kerov polynomials.

@ Open problems: relations to Schubert calculus, Toda hierarchy,
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Representations of symmetric groups

s and normalized characters

@ Representations of symmetric groups
@ Representations
@ Young diagrams and normalized characters
@ Free cumulants

© Kerov character polynomials
© Open problems

@ Proof of Kerov conjecture
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Representations of symmetric groups q
P A group Representations

Young diagrams and normalized characters
Free cumulants

Representations

representation of a group G is a homomorphism from G to
invertible n x n matrices

p: G — Myn(C).

Representation of S(3) as l 1

symmetries of a triangle on a /\
plane.
\
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Representations of symmetric groups q
P A group Representations

Young diag s and normalized characters
Free cumulan

Irreducible representations

A representation p : G — End(V/) on a vector space V is reducible
if there exists a nontrivial decomposition into subrepresentations.

Otherwise, a representation is called irreducible.
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Representations of symmetric groups Repreoomctienms

Young diag s and normalized characters
Free cumulan

Irreducible representations

A representation p : G — End(V/) on a vector space V is reducible
if there exists a nontrivial decomposition into subrepresentations.

Otherwise, a representation is called irreducible.

Motivations:

irreducible representations «— Fourier transform,
harmonic analysis on groups,

°
@ random walks on groups,
°
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Irreducible representations of symmetric groups

Irreducible representations p* of symmetric group S(n) are indexed
by Young diagrams A having n boxes.

4
3
2 - T
| |
T e
| | |
| | |
0 1 2 3 4 5

Very combinatorial object, not good for asymptotic problems.
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters
Free cumulants

Dilations of diagrams

diagram A dilated diagram s for s =3
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Normalized characters

For 7 € S(k) and irreducible representation p* of S(n)
(assume k < n) we define the normalized character

=
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Normalized characters

For 7 € S(k) and irreducible representation p* of S(n)
(assume k < n) we define the normalized character

Tr p* ()

=

Piotr Sniady Kerov character polynomials



Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Normalized characters

For 7 € S(k) and irreducible representation p* of S(n)
(assume k < n) we define the normalized character

Tr p*(7)
dimension of p*’

=

Piotr Sniady Kerov character polynomials



Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Normalized characters

For 7 € S(k) and irreducible representation p* of S(n)
(assume k < n) we define the normalized character

T A
SAZ n(n—1) - (n— k4 1) —2°() -
“~ dimension of p
k factors
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Normalized characters

For 7 € S(k) and irreducible representation p* of S(n)
(assume k < n) we define the normalized character

T A
SAZ n(n—1) - (n— k4 1) —2°() -
“~ dimension of p
k factors

Most interesting case: characters on cycles

p= Z?l,2,...,k)'
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Normalized characters

For 7 € S(k) and irreducible representation p* of S(n)
(assume k < n) we define the normalized character

T A
SAZ n(n—1) - (n— k4 1) —2°() -
“~ dimension of p
k factors

Most interesting case: characters on cycles

p= Z?l,2,...,k)'

Problem

For fixed k > 1 what can we say about Zi’\ fors — oo?
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
asymptotically the dominant terms of the character on cycles:
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
asymptotically the dominant terms of the character on cycles:

1
Ry = lim —

SA _ 1ck1ysA
LU 0 =[S
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
asymptotically the dominant terms of the character on cycles:

1
Ry = lim —

SA _ 1ck1ysA
LU 0 =[S

Advertisement

Free cumulants are very very nice quantities to describe a Young
diagram:
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
asymptotically the dominant terms of the character on cycles:

1
Ry = lim —

SA _ 1ck1ysA
LU 0 =[S

Advertisement

Free cumulants are very very nice quantities to describe a Young
diagram: they can be explicitly calculated in several approaches
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
asymptotically the dominant terms of the character on cycles:

1
Ry = lim —

SA _ 1ck1ysA
LU 0 =[S

Advertisement

Free cumulants are very very nice quantities to describe a Young
diagram: they can be explicitly calculated in several approaches
and are very useful in asymptotic representation theory.
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Representations of symmetric groups .
P A g P Representations

Young diagrams and normalized characters

Free cumulants

Free cumulants

The map s — Zi)h is a polynomial of degree k.
We define free cumulants R\, R3, ... of diagram \ to be
asymptotically the dominant terms of the character on cycles:

1
R} = lim —¥$* = [skK]=5* ..
k= M0 Sk =k—1 [s“1Z%%

Advertisement

Free cumulants are very very nice quantities to describe a Young
diagram: they can be explicitly calculated in several approaches
and are very useful in asymptotic representation theory.

Free cumulants are homogeneous with respect to dilations:
SA _ ckpX
R;* = s"Rp.

Piotr Sniady Kerov character polynomials



Kerov polynomials
Combi Kerov polynomials
Applications of the main result

Kerov character polynomials

@ Representations of symmetric groups

© Kerov character polynomials
@ Kerov polynomials
@ Combinatorics of Kerov polynomials
@ Applications of the main result

© Open problems

@ Proof of Kerov conjecture
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov polynomials

Free cumulants give approximations of characters:

Y~ Riqa,
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Kerov polynomials
Combi ics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov polynomials

Free cumulants give approximations of characters:
Yy ~ Rk,

but they can also give exact values of characters thanks to
Kerov character polynomials:
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov polynomials

Free cumulants give approximations of characters:
Yy ~ Rk,

but they can also give exact values of characters thanks to
Kerov character polynomials:

Y =hRy,

Y, = ks,
23=Ry+ Ry,
>4 = Rs +5Rs,

Y5 = Re + 15Ry + 5R? + 8R;,
26 = Ry +35R5 + 35R3R» + 84R;.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov conjecture

Theorem/Conjecture (Kerov)

For each k > 1 there exists a universal polynomial Ky(Rz, Rs,...)
with integer coefficients called Kerov character
polynomial such that

Y = Ke(Ro, R, ...)
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov conjecture

Theorem/Conjecture (Kerov)

For each k > 1 there exists a universal polynomial Ky(Rz, Rs,...)
with non-negative integer coefficients called Kerov character
polynomial such that

Y = Ke(Ro, R, ...)
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov conjecture

Theorem/Conjecture (Kerov)

For each k > 1 there exists a universal polynomial Ky(Rz, Rs,...)
with non-negative integer coefficients called Kerov character
polynomial such that

Y = Ke(Ro, R, ...)

What is the combinatorial interpretation of coefficients?
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Kerov conjecture

Theorem/Conjecture (Kerov)

For each k > 1 there exists a universal polynomial Ky(Rz, Rs,...)
with non-negative integer coefficients called Kerov character
polynomial such that

Y = Ke(Ro, R, ...)

What is the combinatorial interpretation of coefficients?

Féray: Kerov's conjecture is true, coefficients have a complicated
combinatorial interpretation.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Biane and Stanley)

The coefficient [Ry| K
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Biane and Stanley)

The coefficient [Ry|Ky is equal to the number of pairs (o1, 02)
where
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Biane and Stanley)

The coefficient [Ry|Ky is equal to the number of pairs (o1, 02)
where

@ 01,09 € S(k)
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Biane and Stanley)

The coefficient [Ry|Ky is equal to the number of pairs (o1, 02)
where

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Biane and Stanley)

The coefficient [Ry|Ky is equal to the number of pairs (o1, 02)

where
@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
o |C(o2)| =1,
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Linear terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Biane and Stanley)

The coefficient [Ry|Ky is equal to the number of pairs (o1, 02)

where
@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
o |C(o2)| =1,

o [C(o1)| + [C(o2)| = ¢£.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.
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Kerov polynomials
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Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)
The coefficient [Ry, Re,| Kk
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)

The coefficient [Ry, Re,|Ki is equal to the number of triples
(01,02, q) with the following properties:
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Combinatorics of Kerov polynomials
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Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)

The coefficient [Ry, Re,|Ki is equal to the number of triples
(01,02, q) with the following properties:

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)

The coefficient [Ry, Re,|Ki is equal to the number of triples
(01,02, q) with the following properties:

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),

° |C(o2)| =2,
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)

The coefficient [Ry, Re,|Ki is equal to the number of triples
(01,02, q) with the following properties:

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
o [C(d2)| =2,
o [Clon)l +|C(a2)| = tr + £,
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)

The coefficient [Ry, Re,|Ki is equal to the number of triples
(01,02, q) with the following properties:

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),

o |C(a)| =2,

o |C(o1)[ + |C(o2)| = o + L2,

@ q: C(02) — {l1,42} is a surjective map on cycles of o3;
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Quadratic terms of Kerov polynomials

For a permutation 7 we denote by C() the set of cycles of 7.

Theorem (Féray)

The coefficient [Ry, Re,|Ki is equal to the number of triples
(01,02, q) with the following properties:

01,02 € S(k) are such that oy 00y = (1,2,...,k),
|C(02)| =2,

|C(o1)[ + |C(o2)| = ba + L2,

q: C(o2) — {l1,02} is a surjective map on cycles of oy;

(]

for each cycle ¢ of o, there are more than g(c) — 1 cycles of
o1 which intersect nontrivially c.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

tat f netric g
Kerov character polynomials

The main result:
combinatorial interpretation of Kerov polynomials

Theorem (Dotega, Féray, Sniady)

The coefficient [R3?R3® - - - |Ky is equal to the number of triples
(01,02, q) such that

.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

tat f netric g
Kerov character polynomials

The main result:
combinatorial interpretation of Kerov polynomials

Theorem (Dotega, Féray, Sniady)

The coefficient [R3?R3® - - - |Ky is equal to the number of triples
(01,02, q) such that

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),

.
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Combinatorics of Kerov polynomials
Applications of the main result

tat f netric g
Kerov character polynomials

The main result:
combinatorial interpretation of Kerov polynomials

Theorem (Dotega, Féray, Sniady)

The coefficient [R3?R3® - - - |Ky is equal to the number of triples
(01,02, q) such that

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
- |C(O‘2)| =S5 +Ss3+---,

.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

tat f netric g
Kerov character polynomials

The main result:
combinatorial interpretation of Kerov polynomials

Theorem (Dotega, Féray, Sniady)

The coefficient [R3?R3® - - - |Ky is equal to the number of triples
(01,02, q) such that

@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
o |Clo2)|=52+s3+--,
-3 |C(0‘1)|+|C(0'2)| =25+ 3s3+4s54 + - - -,

.
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tat f netric g q
. Kerov polynomials

Kerov character polynomials poryn q

N Combinatorics of Kerov polynomials

Applications of the main result

The main result:

combinatorial interpretation of Kerov polynomials

Theorem (Dotega, Féray, Sniady)

The coefficient [R3?R3® - - - |Ky is equal to the number of triples
(01,02, q) such that
@ 01,02 € S(k) are such that o1 00y = (1,2,...,k),
o [C(o2)|=s2+s3+--,
@ |C(o1)|+|C(o2)| =25, + 353 +4ss + - -+,
@ q: C(02) — {2,3,...} is a coloring such that each color
i€{2,3,...} is used s; times,

.
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Kerov character polynomials

The main result:

combinatorial interpretation of Kerov polynomials

Theorem (Dotega, Féray, Sniady)

The coefficient [R3?R3® - - - |Ky is equal to the number of triples
(01,02, q) such that

01,02 € S(k) are such that oy 00y = (1,2,...,k),
|C(o2)| =s2+s3+--,
|C(01)| 4+ |C(02)| =25y + 353 +4ss + - -+,

q: C(o2) — {2,3,...} is a coloring such that each color
i€{2,3,...} is used s; times,

(]

e e ¢

for every nontrivial set ) C A C C(o2) of cycles of oy there are
more than Y .4 (q(c) — 1) cycles of o1 which intersect | A.

(]

-
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Marriage interpretation

*3
°*2
° 2

Example: coefficient [R2 R3] K.
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Kerov character polynomials ’
poly Combinatorics of Kerov polynomials

Applications of the main result

Marriage interpretation

*3
°*2
° 2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls).
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Kerov character polynomials

Marriage interpretation

*3
°*2
° 2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl).
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Applications of the main result

Kerov character polynomials

Marriage interpretation

*3
°*2
° 2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Marriage interpretation

*3
°*2
° 2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
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Kerov character polynomials

Marriage interpretation

e 3 —1 =2 husbands
e 2 —1=1 husband
e 2 —1=1 husband

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.

Piotr Sniady Kerov character polynomials



Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Marriage interpretation

e 3 —1 =2 husbands
e 2 —1=1 husband
e 2 —1=1 husband

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages
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Kerov character polynomials

Marriage interpretation

>o 3 — 1 =2 husbands

__—— ——*2—1=1 husband
>+ 2-—1=1 husband

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages
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Kerov character polynomials

Marriage interpretation

——+3-1=2 husbands

__—— ——*2—1=1 husband
>+ 2-—1=1 husband

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages and that for
each non-trivial set of girls the set of their husbands is not uniquely
determined.
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Kerov character polynomials

Marriage interpretation

> 3
o/ °2
c/ °2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages and that for
each non-trivial set of girls the set of their husbands is not uniquely
determined.
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Kerov character polynomials

Marriage interpretation

> 3
o/ > 2
c/ °2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages and that for
each non-trivial set of girls the set of their husbands is not uniquely
determined.
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Kerov character polynomials

Marriage interpretation

:>o 3
o/. 2
o/. 2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages and that for
each non-trivial set of girls the set of their husbands is not uniquely
determined.

Piotr Sniady Kerov character polynomials



Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Marriage interpretation

:>.3 : » 3
./‘2 ° > 2
.'/.2 [ .2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages and that for
each non-trivial set of girls the set of their husbands is not uniquely
determined.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Marriage interpretation

:>- 3 :\. 3
o/. 2 C ®2
/. 2 e 2

Example: coefficient [RZR3]K. For given 01,02 we consider a
bipartite graph V,, », with the vertices corresponding to cycles of
o1 (boys) and cycles of o, (girls). We draw an edge if two cycles
intersect (boy is allowed to marry a girl). Each boy wants to marry
one girl and each girl g € C(02) wants to marry g(g) — 1 boys.
We require that it is possible to arrange marriages and that for
each non-trivial set of girls the set of their husbands is not uniquely
determined.
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Kerov polynomials
Combinatorics of Kerov polynomials
Applications of the main result

Kerov character polynomials

Restriction on graphs

If there exists an disconnecting edge with at least one girl in both
components then the factorization cannot contribute (no matter
which labeling we choose).

Application: coefficients of Kerov polynomials are small.
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. Kerov polyno s
Kerov character polynomials polyn 2 .
Combinatoric: Kerov polynomials

Applications of the main result

Applications of the main result

@ positivity: Kerov polynomials give characters as simple sums
without too many cancellations,

@ optimal estimates for characters,

@ more information on the structure of Kerov polynomials
(Lassalle’s conjectures)
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Exotic interpretations of Kerov polynomials
Open problems Open problems

@ Representations of symmetric groups
© Kerov character polynomials

© Open problems
@ Exotic interpretations of Kerov polynomials
@ Open problems

@ Proof of Kerov conjecture
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Exotic interpretations of Kerov polynomials

Maybe coefficients of Kerov polynomials
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Exotic interpretations of Kerov polynomials

Maybe coefficients of Kerov polynomials

@ are equal to dimensions of some intersection (co)homologies of
Schubert varieties? [conjecture of Philippe Biane]
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Exotic interpretations of Kerov polynomials

Maybe coefficients of Kerov polynomials

@ are equal to dimensions of some intersection (co)homologies of
Schubert varieties? [conjecture of Philippe Biane]

@ are equal to something related to moduli space of analytic
maps on Riemann surfaces?
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Exotic interpretations of Kerov polynomials

Maybe coefficients of Kerov polynomials

@ are equal to dimensions of some intersection (co)homologies of
Schubert varieties? [conjecture of Philippe Biane]
@ are equal to something related to moduli space of analytic

maps on Riemann surfaces? or ramified coverings of a sphere?
[conjecture of Sniady]
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Exotic interpretations of Kerov polynomials

Maybe coefficients of Kerov polynomials

@ are equal to dimensions of some intersection (co)homologies of
Schubert varieties? [conjecture of Philippe Biane]

@ are equal to something related to moduli space of analytic
maps on Riemann surfaces? or ramified coverings of a sphere?
[conjecture of Sniady]

@ are algebraic solutions to some integrable hierarchy (Toda?)
and their coefficients are related to the tau function of the
hierarchy? [conjecture of Jonathan Novak]
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Open problems

@ free cumulants originally come from Voiculescu's free
probability theory / random matrix theory. ..
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Open problems

@ free cumulants originally come from Voiculescu's free
probability theory / random matrix theory. ..
is there some analogue of Kerov character polynomials in the
random matrix theory
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Open problems

@ free cumulants originally come from Voiculescu's free
probability theory / random matrix theory. ..
is there some analogue of Kerov character polynomials in the
random matrix theory / respresentation theory of the unitary
groups U(d)?
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Open problems

@ free cumulants originally come from Voiculescu's free
probability theory / random matrix theory. ..
is there some analogue of Kerov character polynomials in the
random matrix theory / respresentation theory of the unitary
groups U(d)?

@ is it possible to study Kerov polynomials in such a scaling that
phenomena of universality of random matrices occur?
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Open problems

@ free cumulants originally come from Voiculescu's free
probability theory / random matrix theory. ..
is there some analogue of Kerov character polynomials in the
random matrix theory / respresentation theory of the unitary
groups U(d)?

@ is it possible to study Kerov polynomials in such a scaling that
phenomena of universality of random matrices occur?

@ the structure of Kerov polynomials is still not clear
(Goulden—Rattan conjecture, Lassalle’s conjectures)
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Conjecture: C-expansion of characters

Subdominant term of the character:

1
iy = lim (ZS)‘ Rk+1) =[] (Zi)‘ Rk+1)

$—00 Sk 1
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Exotic interpretations of Kerov polynomials
Open problems Open problems

Conjecture: C-expansion of characters
Subdominant term of the character:

1 (e _ k=17 (352
Gy = Jim = (T = R ) = "7 (2 - R )

Conjecture (Goulden and Rattan)

For each k > 1 there exists a universal polynomial L, called
Goulden—Rattan polynomial with rational (non-negative?)
coefficients (with relatively small denominators?) such that

i — Rk+1 = Lk(Cz, C3, 500 )
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Fundamental fi ionals Sy, S3,... of shape
Stanley polynomi
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

@ Representations of symmetric groups
© Kerov character polynomials
© Open problems

@ Proof of Kerov conjecture
@ Fundamental functionals S,, S3,... of shape
@ Stanley polynomials
@ Toy example: quadratic terms of Kerov polynomials
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Fundamental functionals S, S3, ... of shape

contents(, ) = X — y
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Fundamental functionals S, S3, ... of shape

Fundamental functionals of shape of A:

5,’,\ =(n-1) / (contents(m,))”_2 dx dy
(x,y)EX

contents(, ) = X — y
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Fundamental functionals S, S3, ... of shape

Fundamental functionals of shape of A:

5,’,\ =(n-1) / (contents(m,))”_2 dx dy
(x,y)EX

@ easy to compute,

contents(, ) = X — y
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Fundamental functionals S, S3, ... of shape

Fundamental functionals of shape of A:

5,’,\ =(n-1) / (contents(m,))”_2 dx dy
(x,y)EX

@ easy to compute,
@ homogeneous: S3* = s"S),

contents(, ) = X — y
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
K ample: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Fundamental functionals S, S3, ... of shape

Fundamental functionals of shape of A:

5,’,\ =(n-1) / (contents(m,))”_2 dx dy
(x,y)EX

@ easy to compute,
@ homogeneous: S3* = s"S),

@ there are explicit formulas which express
5 functionals Sy, S3,... in terms of free
cumulants R, R3,... and
conversely. ..

contents(, ) = X — y
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Fundamental functionals S, S3, ... of shape

Fundamental functionals of shape of A:

5,’,\ =(n-1) / (contents(m,))"_2 dx dy
(x,y)EX

@ easy to compute,
@ homogeneous: S3* = s"S),

@ there are explicit formulas which express
5 functionals Sy, S3,... in terms of free
cumulants R, R3,... and
conversely. . . therefore free cumulants can
be explicitly calculated from the shape of
a Young diagram!

contents(, ) = X — y
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Relation between functionals S,, S3, . ..
and free cumulants Ry, Rs, ...
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Fundamental functionals Sy, S3,... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Relation between functionals S,, S3, . ..
and free cumulants Ry, Rs, ...

>1 ky,....k;>2
ky+--+k=n
Example:
0? 0? 0
F= Ftlk+hk—1)——F
OR,OR,~ — 0S50Sk, (o + ke )05k1+k2

All derivativesat Ry = R3 = -+ =S5, =53 =--- =0.
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture Y P 1 poly

Stanley polynomials

j<— P2 —

Q1

A
—

Q
y

For numbers p1, p2,...,q1,qo, ... we consider multirectangular
(generalized) Young diagram p X q.
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture Y P 1 poly

Stanley polynomials

j<— P2 —

A
q1 -
Q
Y

For numbers p1, p2,...,q1,qo, ... we consider multirectangular
(generalized) Young diagram p X q.

Theorem (conjectured by Stanley, proved by Féray)

For any permutation  the normalized character ¥5"% is a
polynomial in p1,p2,...,q1,q2,..., called Stanley polynomial, for
which there is an explicit formula.
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

D OND DR GO | B TR | T
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bGC(Uz),
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | RUACRN | N AC
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bGC(O'z)7
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | RUACRN | N AC
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(o1) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bGC(O'z)7
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | R ACRN | G C
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bGC(O'z)7
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

2= TS o I e I1 e
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bGC(O'z)7
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | RCACRN | N C
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bGC(O'z)7
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | RUACRN | AC
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

o1(c) = max ¢2(b) for c € C(o1)
bEC(O’z),
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | RUACRN | AC
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bEC(O’z),
b and c intersect
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Fundamental functionals S, S3, ... of shape
Stanley polynomials
Toy example: quadratic terms of Kerov polynomials

Proof of Kerov conjecture

Stanley-Féray character formula

Theorem (conjectured by Stanley, proved by Féray)

For m € S(n)

P D DR G | RUACRN | AC
01,02€5(n) ¢2:C(02)—N beC(o1) ceC(o2)
01002=T"

where coloring ¢1 : C(01) — N is defined by

¢1(c) = max ¢2(b) for c € C(o1)
bEC(O’z),
b and c intersect

The Stanley polynomial depends on the graph V,, ,.
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley-Féray character formula, toy version

Corollary

For m € S(n)

(—1)[p1g} p2gj] TR

is equal to the number of factorizations m = o1 o o such that
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley-Féray character formula, toy version

Corollary

For m € S(n)

(—1)[p1qi p23] 727
is equal to the number of factorizations m = o1 o o such that

@ o1 has i+ j cycles,
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley-Féray character formula, toy version

Corollary

For m € S(n)

(=1)[p1g1p2qp] =0
is equal to the number of factorizations m = o1 o o such that
@ o1 has i+ j cycles,

@ 0y = {c1,p} has two (labeled) cycles,
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley-Féray character formula, toy version

Corollary

For m € S(n)

(=1)[p1g1p2qp] =0
is equal to the number of factorizations m = o1 o o such that
@ o1 has i+ j cycles,

@ 0y = {c1,p} has two (labeled) cycles,

@ there are exactly j cycles of o1 which intersect c,.
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley-Féray character formula, toy version

Corollary

For m € S(n)

(=1)[p1g1p2qp] =0
is equal to the number of factorizations m = o1 o o such that
@ o1 has i+ j cycles,

@ 0y = {c1,p} has two (labeled) cycles,

@ there are exactly j cycles of o1 which intersect c,.

The Stanley polynomial depends on the graph V,

1,02
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley polynomials and functionals S5, S3, . . .

If F is a sutfhicienly nice function on the set of generalized Young
diagrams then it as a polynomial in S, S3, .. ..

0 0

= .. - ki=1 .  ki—11rpxq
T M L

—53—
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley polynomials and functionals S5, S3, . . .

If F is a sutfhicienly nice function on the set of generalized Young
diagrams then it as a polynomial in S, S3, .. ..

0 0

= .. - ki=1 .  ki—11rpxq
T M L

—53—

@ Therefore expansion of X in terms of S5, S3,... can be
extracted from Stanley polynomials.
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley polynomials and functionals S5, S3, . . .

If F is a sutfhicienly nice function on the set of generalized Young
diagrams then it as a polynomial in S, S3, .. ..

9 9 ki1 ki—1

ET f =lprgy* - pig PP
askl 6Sk, . [ 1 ! ]

@ Therefore expansion of X in terms of S5, S3,... can be

extracted from Stanley polynomials.
@ Stanley polynomials are explicitly given by Stanley-Féray
formula and depend on geometry of bipartite graphs V,, o,.
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture 2 ple: q poly

Stanley polynomials and functionals S5, S3, . . .

If F is a sutfhicienly nice function on the set of generalized Young
diagrams then it as a polynomial in S, S3, .. ..

9 9 ki1 ki—1

ET f =lprgy* - pig PP
askl 6Sk, . [ 1 ! ]

@ Therefore expansion of X in terms of S5, S3,... can be

extracted from Stanley polynomials.
@ Stanley polynomials are explicitly given by Stanley-Féray
formula and depend on geometry of bipartite graphs V,, o,.
@ Once we know the expansion of ¥ in terms of S5, S3,... we
can find expansion of X in terms of free cumulants
R>,Rs,. ...
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture Y P 1 poly

Free cumulants vs fundamental functionals

Free cumulants R, Rs, . .. Functionals S, Ss, ...
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture Y P 1 poly

Free cumulants vs fundamental functionals

Free cumulants R, R;, ... Functionals S, Ss, ...

@ describe Young diagram in
language of representation
theory

@ describe Young diagram in
language of its shape
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

. Toy example: quadratic terms of Kerov polynomials
Proof of Kerov conjecture Y P 1 poly

Free cumulants vs fundamental functionals

Free cumulants R, Rs, ... Functionals S;, S5, ...
@ describe Young diagram in

_ @ describe Young diagram in
language of representation

language of its shape

theory
@ best quantities for @ directly related to Stanley
calculating characters polynomials
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Fundamental functionals S», S3, ... of shape
Stanley polynom

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

2
P
ORy, OR,
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Fundamental functionals S», S3, ... of shape
Stanley polynor

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

872]:_872‘7:4_(/( +k _1)L‘7:_
OROR,~ — 0S50S, R T
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

872]:_872‘7:4_(/( +k _1)L‘7:_
OROR,~ — 0S50S, R T

[P1p2gi L qke Y FPX9 4 (kg + ky — 1)[pyglrthe 1] pPxa —
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

872]:_872‘7:4_(/( +k _1)L‘7:_
OROR,~ — 0S50S, R T

P12y g T PO (ko + ey — 1)[prgyt e PN =
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

872]:_872‘7:4_(/( +k _1)L‘7:_
OROR,~ — 0S50S, R T

P12y g T PO (ko + ey — 1)[prgyt e PN =

[PLp2ge Hqy2 | FPX — [pypagyt TR FPxa
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

872]:_872‘7:4_(/( +k _1)L‘7:_
OROR,~ — 0S50S, R T

[p1p2gf* 1 qi2 M FPXA (kg + kp — 1)[prgir TR P =

[PLP2gr " g52 | FPX — [pypagyt TR T2 FPxa
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Fundamental functionals S, S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

872]:_ L}“+(k +k _1)L‘7:_
ORORy,~ — 05,05, R T

[p1p2gf* 1 qi2 M FPXA (kg + kp — 1)[prgir TR P =

[PLp2ge " q52 | FPX — [pypagyt TR T2 FPxa
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
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Fundamental functionals S», S3, ... of shape
Stanley polynor

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.)
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Fundamental functionals S», S3, ... of shape
Stanley polynomials

Proof of Kerov conjecture Toy example: quadratic terms of Kerov polynomials

Toy example: [Ry, Ri,]Zx

We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)
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o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)

—7##(fact. such that ¢, has < ky — 1 friends)
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o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)

—7#(fact. such that ¢, has < ky — 1 friends) =

(1) Z [P1P2q{qé} R
i+j=ki+ka—2,
1<)
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Toy example: [Ry, Ri,]Zx

We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)

—7#(fact. such that ¢, has < ky — 1 friends) =

(-1) E [Plpzqifé} R+ E [P1P2Qiq£} R
i+tj=kitk2—2, i+j=ki+ka—2,
1< 1<i<ki—1
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We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)

—7#(fact. such that ¢, has < ky — 1 friends) =

N Al YT

i+j=k1+k2 -2, i+j=ki+k2-2,
1<j 1<i<ki—1
i J| sPXq
+ E [P1P2q1%] bR
i+j=ki+k2—2,
1<j<kp—1
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We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)

—7#(fact. such that ¢, has < ky — 1 friends) =

N Al YT

i+j=k1+k2—2, i+j=ki+k2—2,
1<) 1<i<ki—1
i J| sPXq _
+ E [Plpqucé] Y=
i+j=ki+k2—2,
1<j<ko—1

-1 k ki+ko—2
[prp2ay* 52 R — [prpagyt YRR =
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Toy example: [Ry, Ri,]Zx

We are interested in factorizations o1 0 02 = (1,...,n) such that
o1 has ky + ky — 2 cycles and 03 = {c1, c»} has two cycles.
#(fact. such that ¢; has > k; friends, ¢, has > kp friends) =

#(all fact.) — #(fact. such that ¢; has < k; — 1 friends)

—7#(fact. such that ¢, has < ky — 1 friends) =

N Al YT

i+j=k1+ka—2, i+j=ki+ka—2,
1<j 1<i<ki—1
+ Z [Plpzqi%] zixq =
i+j=ki+k2—2,
1<j<ko—1
-1 k pxXq ki+ko—2 pPxq _ 82
2-ljgp 1tk =2)ypxa Y,
[p1p2qy" ] — [P1p29; ] ORe. ORe,
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