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ations ProofDilations of Young diagrams

diagram λ dilated diagram sλ for s = 3ProblemWhat happens to irredu
ible 
hara
ters of symmetri
 groups
orresponding to sλ for s → ∞?
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ations ProofNormalized 
hara
tersFor π ∈ S(k) and irredu
ible representation ρλ of S(n)(assume k ≤ n) we de�ne the normalized 
hara
ter
Σλ

π =n(n − 1) · · · (n − k + 1)
︸ ︷︷ ︸k fa
tors Tr ρλ(π)dimension of ρλ

.Most interesting 
ase: 
hara
ters on 
y
les
Σλk = Σλ

(1,2,...,k).The same problem, 
on
retely:For �xed k ≥ 1 what 
an we say about Σsλk for s → ∞?
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ations ProofFree 
umulantsThe map s 7→ Σsλk−1 is a polynomial of degree k .We de�ne free 
umulants Rλ2 ,Rλ3 , . . . of diagram λ to beasymptoti
ally the dominant terms of the 
hara
ter on 
y
les:Rλk = lims→∞

1sk Σsλk−1 = [sk ]Σsλk−1.AdvertisementFree 
umulants are very ni
e quantities des
ribing a Young diagram.Free 
umulants are homogeneous with respe
t to dilations:Rsλk = skRλk .



Free 
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ations ProofKerov polynomialsFree 
umulants give approximations of 
hara
ters:
Σk ≈ Rk+1,but they 
an also give exa
t values of 
hara
ters thanks toKerov 
hara
ter polynomials:

Σ1 = R2,
Σ2 = R3,
Σ3 = R4 + R2,
Σ4 = R5 + 5R3,
Σ5 = R6 + 15R4 + 5R22 + 8R2,
Σ6 = R7 + 35R5 + 35R3R2 + 84R3.Studied by: S. Kerov, Ph. Biane, R. Stanley, I. Goulden, A. Rattan,M. Lassalle,. . .
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umulants Kerov polynomials Combinatorial interpretations Appli
ations ProofThe main result:
ombinatorial interpretation of Kerov polynomialsFor a permutation π we denote by C (π) the set of 
y
les of π.Theorem (Doª�ga, Féray, �niady)The 
oe�
ient [Rs22 Rs33 · · · ]Σk is equal to the number of triples
(σ1, σ2, q) su
h that

σ1, σ2 ∈ S(k) are su
h that σ1 ◦ σ2 = (1, 2, . . . , k),
|C (σ1)| + |C (σ2)| = 2s2 + 3s3 + 4s4 + · · · ,q : C (σ2) → {2, 3, . . . } is a labeling su
h that ea
h labeli ∈ {2, 3, . . . } is used si times,for every nontrivial set ∅ ( A ( C (σ2) of 
y
les of σ2 there aremore than ∑
∈A (q(
) − 1) 
y
les of σ1 whi
h interse
t ⋃A.



Free 
umulants Kerov polynomials Combinatorial interpretations Appli
ations ProofMarriage interpretation2− 1 = 1 husband2− 1 = 1 husband3− 1 = 2 husbands
Example: 
oe�
ient [R22R3]Σk . For given σ1, σ2 we 
onsider abipartite graph Vσ1,σ2 with the verti
es 
orresponding to 
y
les of
σ1 (boys) and 
y
les of σ2 (girls). We draw an edge if two 
y
lesinterse
t (boy is allowed to marry a girl). Ea
h boy wants to marryone girl and ea
h girl g ∈ C (σ2) wants to marry q(g) − 1 boys.We require that it is possible to arrange marriages and that forea
h non-trivial set of girls the set of their husbands is not uniquelydetermined.
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ations ProofTransportation interpretation
11
11

2− 1 = 12− 1 = 13− 1 = 21121212121212Ea
h blue fa
tory produ
es 1 unit.Ea
h red 
onsumer g uses q(g) − 1 units.We require that there is a way to arrange transportation so thatevery edge of the graph has a positive number.
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tion on graphs
CorollaryIf there exists an dis
onne
ting edge with at least one red vertex inboth 
omponents then the fa
torization 
annot 
ontribute (nomatter whi
h labeling we 
hoose).Appli
ation: 
oe�
ients of Kerov polynomials are small.
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umulants Kerov polynomials Combinatorial interpretations Appli
ations ProofAppli
ations & exoti
 
onje
turespositivity: Kerov polynomials give 
hara
ters as simple sumswithout too many 
an
ellations,optimal estimates for 
hara
ters,more information on the stru
ture of Kerov polynomials(Lassalle's 
onje
tures)Conje
tureMaybe 
oe�
ients of Kerov polynomialsare equal to dimensions of some interse
tion (
o)homologies ofS
hubert varieties? [
onje
ture of Philippe Biane℄are equal to something related to moduli spa
e of analyti
maps on Riemann surfa
es? or rami�ed 
overings of a sphere?
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ations ProofStanley polynomials
p 1q1 p 2q2 p 3q3 For numbers p1, p2, . . . , q1, q2, . . .we 
onsider multire
tangular Youngdiagram p× q.Theorem(
onje
tured by Stanley,proved by Féray)For any permutation π the normalized
hara
ter Σp×q

π is a polynomial inp1, p2, . . . , q1, q2, . . . , 
alled Stanleypolynomial, for whi
h there is an expli
itformula.Idea: now we 
an do di�erential 
al
ulus on the set of Youngdiagrams.
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ations ProofStanley-Féray 
hara
ter formula, toy version
p 1q1 p 2q2 p 3q3 CorollaryFor π ∈ S(n)

(−1)[p1qi1p2qj2]Σp×q
πis equal to the number of fa
torizations

π = σ1 ◦ σ2 su
h that:
σ1 has i + j 
y
les,
σ2 = {
1, 
2} has two labeled
y
les,there are exa
tly j 
y
les of σ1whi
h interse
t 
2.Stanley polynomials give partial information about graphs Vσ1,σ2 .
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tionals S2, S3, . . . of shape
0 1 2 3 4 51234 
ontents(x ,y) = x − yFundamental fun
tionals of shape of λ:Sλn = (n− 1)∫∫

(x ,y)∈λ

(
ontents(x ,y))
n−2 dx dyTheoremIf F is a su�
ienly ni
e fun
tion on the set of Young diagrams thenit is a polynomial in S2,S3, . . . :

∂

∂Sk1 · · ·
∂

∂Skl F∣
∣
∣
∣S2=S3=···=0 = [p1qk1−11 · · · plqkl−1l ]Fp×qTherefore expansion of Σπ in terms of S2,S3, . . . follows fromStanley polynomials, expli
itly given by Stanley-Féray formula.Then we express S2,S3, . . . in terms of R2,R3, . . . .
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