This presentation contains animations
which require PDF browser which
accepts JavaScript.

For best results use Acrobat Reader.



RSK asymptotic determinism of this and that the key result: new box proof of the key result

[e]e]e} 0000 [e]e]e} 000000000
(e]e]

Asymptotic determinism of
Robinson-Schensted-Knuth algorithm

joint work with Dan Romik

Piotr Sniady



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5|37 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5|37 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5 |37 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5137141 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5 41 | 82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5 41 | 82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 53 | 69
5118141 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 [ 53 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23] 53| 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23| 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74 | 99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

741 99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

53 | 99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

53 | 99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

53 | 99
23 | 37 | 69
518 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74
53 | 99
23|37 | 69

5 18 | 41 | 82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

bumping route

74
53 | 99
23|37 | 69

5 18 | 41 | 82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

@00 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm — induction step

74
53 | 99

23| 37|69

5 |18 | 41|82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

oeo 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm

insertion tableau P(x)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

oeo 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm

23

insertion tableau P(x)

x = (23)



RSK
fo] To)

asymptotic determinism of this and that

0000
(e]e]

Robinson-Schensted-Knuth algorithm

x = (23, 53)

the key result: new box
000

23

53

insertion tableau P(x)

proof of the key result
000000000



RSK
fo] To)

asymptotic determinism of this and that

0000
(e]e]

Robinson-Schensted-Knuth algorithm

x = (23, 53, 74)

23

53

74

the key result: new box
000

insertion tableau P(x)

proof of the key result
000000000



RSK
fo] To)

asymptotic determinism of this and that

0000
(e]e]

Robinson-Schensted-Knuth algorithm

23

53

74

the key result: new box
000

x = (23, 53, 74, 5)

insertion tableau P(x)

proof of the key result
000000000



RSK
fo] To)

asymptotic determinism of this and that

0000
(e]e]

Robinson-Schensted-Knuth algorithm

23

the key result: new box
000

53

74

99

insertion tableau P(x)

x = (23, 53, 74, 5, 99)

proof of the key result
000000000



RSK
fo] To)

asymptotic determinism of this and that

0000
(e]e]

Robinson-Schensted-Knuth algorithm

23

74

the key result: new box
000

53

69

99

x = (23, 53, 74, 5, 99, 69)

insertion tableau P(x)

proof of the key result
000000000



RSK
fo] To)

asymptotic determinism of this and that

0000
(e]e]

Robinson-Schensted-Knuth algorithm

23

74

99

the key result: new box
000

53

69

82

x = (23, 53, 74, 5, 99, 69, 82)

insertion tableau P(x)

proof of the key result
000000000



RSK
fo] To)

asymptotic determinism of this and that the key result: new box proof of the key result
0000 000 000000000
[e]e]

Robinson-Schensted-Knuth algorithm

74
23 [ 53 | 99
5|37 |69 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

oeo 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm

74 | 99
23 | 53 | 69
5|37 |41 |82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41)



RSK
fo] To)

asymptotic determinism of this and that the key result: new box proof of the key result
0000 000 000000000
[e]e]

Robinson-Schensted-Knuth algorithm

74
53 | 99

23 |37 | 69

5 18 | 41 | 82

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18)



RSK
fo] To)

asymptotic determinism of this and that the key result: new box proof of the key result
0000 000 000000000
[e]e]

Robinson-Schensted-Knuth algorithm

74 | 99

53 | 69

23 137 | 41
5118|3982

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18, 39)



RSK
fo] To)

asymptotic determinism of this and that the key result: new box proof of the key result
0000 000 000000000
[e]e]

Robinson-Schensted-Knuth algorithm

74 | 99
53 | 69
23 | 37 | 41| 82
5118|3961

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18, 39, 61)



RSK
fo] To)

asymptotic determinism of this and that the key result: new box proof of the key result
0000 000 000000000
[e]e]

Robinson-Schensted-Knuth algorithm

74 | 99
53 | 69
23|37 | 41|82

5118396173

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18, 39, 61, 73)



RSK
fo] To)

asymptotic determinism of this and that the key result: new box proof of the key result

0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm

74 | 99
53 |69 | 82
23|37 (41|73

5118|3961 |66

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18, 39, 61, 73, 66)



RSK asymptotic determinism of this and that the key result: new box proof of the key result

oeo 0000 [e]e]e} 000000000
(e]e]

Robinson-Schensted-Knuth algorithm

74
53 | 99

41 | 69 | 82
2337|3973

5 |18 |22 61 |66

insertion tableau P(x)

x = (23, 53, 74, 5, 99, 69, 82, 37, 41, 18, 39, 61, 73, 66, 22)



RSK asymptotic determinism of this and that the key result: new box proo
ooe 0000 00C -

outlook

@ x1,X»,... independent random variables
with uniform distribution on the interval [0, 1];

@ insertion tableau Py, = P(x1,...,Xxm);

General problem

What can we say about (the time evolution of)
the insertion tableau P.,?

“with the right scaling of time and space,
the answer is deterministic (asymptotically)”



asymptotic determinism of this and that the key result: new box
@000
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diffusion of a box

° (Pm) denotes the location of the box containing x,
in the insertion tableau P,,, for m > n;

Concrete problem 1

Suppose that n and x, are known;

what can we say about the time evolution of(Pm)
form=nn+1,...7
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the key result: new box
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proof of the key result
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diffusion of a box

(Pm) denotes the location of the box containing x,
in insertion tableau P, for m > n;

There exists an explicit function G : Ry — R2 such that

[x0](Pirer)) in probability_

NiE - G, for - > 0.
n
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hydrodynamic limit of RSK
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bumping routes

bumping route
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bumping routes

20,

1

Bumping route (scaled by factor

n Xn

obtained by adding entry x, to the tableau P,_;
converges in probability (as n — oo) to a deterministic curve G;.




RSK
000

asymptotic determinism of this and that the key result: new box proof of the key result
0000 @00 000000000
[e]e]

the key result: new box

P(xt,. .. Xns Xn1) \ P(xa,s. .o, xn) = {D}
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new box

Xp4+1 = 1.0
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new box
Xp+1 = 0.0
Xp+1 = 0.2
Xn+1 = 0.4
” Xn+1 = 0.6
| Xni1 = 0.8
Xn+1 = 1.0
2




RSK asymptotic determinism of this and that the key result: new box
000 0000
[e]e]

proof of the key result
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the key result explains the behavior of bumping routes

2

Young diagram with n boxes, scaled by %
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the key result explains the behavior of bumping routes

2

Young diagram with n boxes, scaled by %

(RSKcos x,, RSKsin x,)
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the key result explains the behavior of bumping routes

2

Young diagram with n boxes, scaled by %

(RSKcos x,, RSKsin x,)

(r RSKcos ¢, r RSKsin ¢)

r = const
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the key result explains the behavior of bumping routes

2

Young diagram with n boxes, scaled by %

(RSKcos x,, RSKsin x,)

(r RSKcos ¢, r RSKsin ¢)
exercise: ¢ = %%

r = const



RSK asymptotic determinism of this and that the key result: new box proof of the key result

[e]e]e} 0000 [e]e]e} ®00000000
(e]e]

proof, part 1 — reduction of problem

instead of (for deterministic x,41)

P(Xl,...,Xn, Xn+1 )\P(Xla"'vxn): {D}
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proof, part 1 — reduction of problem
we study (for random 0 < t; < --- < t, < 1)

P(xt, oy Xny tyeeos )\ POx1, -y %) = {,___,}
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proof, part 1 — reduction of problem
we study (for random 0 < t; < --- < t, < 1)

P(xt, oy Xny tyeeos )\ POx1, -y %) = {,___,}

|

if xp11 < tj then D is north-west from m

for i A Xp+1 + €, this happens with high probability, as k — oo
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representations of the symmetric groups

representation p of a group G is a homomorphism to matrices

p:G— GLg

irreducible representation p* — Young diagram A\
of the symmetric group S, with n boxes

Littlewood-Richardson coefficients

\ SIAl+lul L
(o) et

SIAIX S|l v
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RSK and Littlewood-Richardson coefficients

if 0 <xg,...,xp, <1isarandom sequence, such that
shape of P(x1,...,xn) = X;
and 0 < t1,...,t < 1is a random sequence, such that
shape of P(t1,...,tx) = p
then the random Young diagram
shape of P(xq,...,Xn, t1,...,tk)
has the same distribution as random irreducible component of

A Sn
V ® V,U/I*S +k

n><5k
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RSK and Littlewood-Richardson coefficients

if 0 <xg,...,xp, <1isarandom sequence, such that
shape of P(x1,...,xn) = X;
and 0 < t1,...,t < 1is a random sequence, such that

shape of P(t17--~,fk):(k):| | | | | I

then the random Young diagram
shape of P(x1,...,Xn, t1,...,tk)
has the same distribution as random irreducible component of

A k) 1Sn
4 ®V() snlksk
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RSK and Littlewood-Richardson coefficients

if 0 <xg,...,xp, <1isarandom sequence, such that
shape of P(x1,...,xn) = X;
and 0 < t; < --- <ty <1 isarandom sequence, such that

shape of P(t17--~,fk):(k):| | | | | I

then the random Young diagram
shape of P(x1,...,Xn, t1,...,tk)

has the same distribution as random irreducible component of

V}\ ® V(k) T§n+k

n X Sk
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content of the box

content((J) = (x-coordinate) — (y-coordinate)

=
-1/0 |1
011|2]3

content of Young diagram = (—2,-1,0,0,1,1,2,3)
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Jucys—Murphy elements

Xi=(Li)+(2,)+-+(—-1,i) forie{l,...,n}

Xi,...,Xn are elements of the symmetric group algebra C(S,)
for any Young diagram A with contents (c1,...,cs)
and a symmetric polynomial P(xy,..., xs)

_ TepM(P(X, ., Xn))
B TrpM(1)

XMP(X1, ..., Xa)) — 7
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Jucys—Murphy elements

Xi=(Li)+(2,)+-+(—-1,i) forie{l,...,n}

Xi,...,Xn are elements of the symmetric group algebra C(S,)
for any Young diagram A with contents (c1,...,cs)
and a symmetric polynomial P(xy,..., xs)

_ Tr p* (P(X1, ..., X))

X)\(P(Xl,...,xn)) Trp)‘(]_)

= P(cy,...,¢n)
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growth of Young diagrams and Jucys-Murphy elements

let A\ n, p k be fixed Young diagrams

let ' be a random irreducible component of
. VA @ V“T;"*k

,-,X.Sk

let cpy1, ..., Chrk be the contents of boxes
of T\ A

then for any symmetric polynomial
P(Xnt1,---,Xntk) we have

(XA ® x* ) (P (X155 Xogk) ﬁ:*jsk)

= EP(Cn—l-l’ EED Cn+k)

C
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proof, part 2
if k ~ W/n

1
k\ Vn Vn

where ¢; = c(m)

Hint: p-th moment of the left-hand-side
1 ¢ P
(%)
is a random variable,

show that the mean converges to p-th moment of usc
show that the variance converges to zero

in probability
EEEEEE—
n—o0
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proof, part 2
if k ~ &/n

1
k\ n Vn

where ¢; = c(m)

since ¢ < -+ < ¢, this implies that if é — Xp11 then

C(III) in probability, -1 (Xs1)
ﬁ psc\7n

in probability
— 7 MUsCc = )

n—o00
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proof, part 3

......

...................

shape of P, (scaled by factor %)

with high probability concentrates
around some explicit shape
LoGAN, SHEPP, VERSHIK, KEROV

; is with high probability close
to the boundary of this limit shape

3
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further reading

Dan Romik, Piotr Sniady
Jeu de taquin dynamics on infinite Young tableaux and

second class particles
Annals of Probability 43 (2015), no. 2, 682-737

Dan Romik, Piotr Sniady

Limit shapes of bumping routes in the Robinson-Schensted
correspondence

Random Structures Algorithms 48 (2016), no. 1, 171-18
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